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different phonon modes and reduce thermal conductivity. A 
schematic diagram is shown in  Figure    5   capturing these var-
ious phonon scattering mechanisms, along with the electrical 
transport within a thermoelectric material.  

 Thus, in certain cases nanodots clearly play a very signifi cant 
role in reducing lattice thermal conductivity, probably by effec-
tively scattering phonons that otherwise would have relatively 
long mean free paths. In many of these cases it has been clearly 
demonstrated that the reduction in thermal conductivity far 
exceeds any concomitant reduction in the power factor caused 

of Sb. [  73  ]  In contrast, similar fractions of nanoparticles of Bi or 
Pb (two elements that have the same atomic mass as the Pb ions 
in the rock salt lattice) were found to have no such effect. [  73  ,  81  ]  
ErAs:InGaAs is another interesting example to study along 
these lines since the size distribution of ErAs nanoparticles in 
the matrix is not a strong function of the growth parameters 
and they are typically 2–4 nm in diameter [Figure  3 c]. [  82  ]  The 
volume fraction of the embedded nanoparticles can be easily 
changed from 0.01-6% without introducing defects or disloca-
tions. Thermal conductivity measurements show a reduction by 
as much as a factor of 3 compared to the bulk 
alloy [Figure  4 b].  

 The question remains as to why the inclu-
sion of nanodots can reduce the thermal 
conductivity below the alloy limit. Detailed 
calculations of phonon transport have been 
performed for ErAs:InGaAs materials, 
although the principles developed through 
these studies are fairly general and apply for 
other nanodot material systems as well. [  72  ,  82  ]  
Atomic scale defects in alloys scatter pho-
nons due to differences in mass or due to 
generation of strain fi elds, and the scattering 
cross-section follows Rayleigh scattering as 
 d  6 /  λ   4 , where  d  is the nanodot diameter and 
  λ   is the phonon wavelength. Hence, short 
wavelength phonons are effectively scattered 
in alloys, but the mid-to-long wavelength 
phonons can propagate without signifi cant 
scattering and thereby still contribute to heat 
conduction. By inclusion of nanoparticles, 
signifi cant reduction in lattice thermal con-
ductivity can be achieved by the additional 
scattering of mid- and long-wavelength pho-
nons by the nanoparticles. Calculations show 
that a wide size distribution of nanoparticles 
is preferable since it can effectively scatter 

      Figure  5 .     Schematic diagram illustrating various phonon scattering mechanisms within a ther-
moelectric material, along with electronic transport of hot and cold electrons. Atomic defects 
are effective at scattering short wavelength phonons, but larger embedded nanoparticles are 
required to scatter mid- and long-wavelength phonons effectively. Grain boundaries can also 
play an effective role in scattering these longer-wavelength phonons.  
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      Figure  4 .     Lattice thermal conductivity as a function of temperature for: (a) various PbTe-based alloys (x  =  0.1) and nanostructured samples. The value of 
x  =  0.1 was chosen because these samples have the same concentration of added component to PbTe as those in LAST-18 and SALT-20. (b) InGaAs with 
and without embedded ErAs nanodots. It is seen in both cases that the inclusion of nanodots into the microstructure results in a signifi cant reduction 
to the lattice thermal conductivity. In the PbTe system solid solution alloying is effective around room temperature (see black dotted arrow) but not at 
high temperature. Nanostructuring is shown to be effective both at room temperature and at high temperatures (see brown dotted arrows).  
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Short wavelength phonons: defect scattering
Long wavelength phonons: limited by film thickness

Example: SiGe alloy thin films

in bulk materials, suggesting that size effects more signifi-
cantly influence the transport in Si1!xGex films than does
alloying when 0:2< x< 0:8. This is further supported in
Fig. 3, where changes in thickness from 39 to 427 nm are
found to have a much greater effect on the thermal con-
ductivity than variations in Ge content. Last, this trend is
consistent with the previous computational work of Chen,
Zhang, and Li [19], where the thermal conductivities of
Stillinger-Weber–type Si1!xGex nanowires were relatively
insensitive to changes in composition for 0:2< x < 0:8.

To understand the degree to which the different scatter-
ing processes affect thermal conductivity, we analyze the
spectral contribution to thermal conductivity by calculat-
ing the integrand of Eq. (1). Figure 4 shows the spectral
thermal conductivity for the 427 and 39 nm films having a
Ge content of 20%. The spectral curve increases with
frequency reaching a peak at around 10 and 18 Trad s!1

for the 427 and 39 nm films, respectively, and decreases
thereafter. This demonstrates that low frequency (long
wavelength) phonons more significantly contribute to the
transport and thus the treatment of alloys as a dispersion-
less (i.e., Debye-like) system is valid. The inset reveals
that, in this low frequency regime, boundary scattering is
the dominant process, since the boundary scattering time
(!b) is shortest for the modes carrying the most heat. It is
only at high frequencies that alloy scattering is the limiting
mechanism. As a result, we conclude that the low thermal
conductivities of Si1!xGex alloy thin films arise primarily
due to the boundary scattering in the film rather than the
effects of the alloying in the material.

This interpretation is further demonstrated through an
examination of temperature dependence of the thermal con-
ductivity presented in Fig. 5. The 427 and 202 nm Si0:8Ge0:2
films exhibit reasonable agreement with our model over a
range of 141–300 K. We also plot temperature-dependent
thermal conductivity of a Si/Ge superlattice of 462 nm total
thickness from Ref [4]. Moreover, we plot our model assum-
ing the thickness and average composition of the superlat-
tice in Fig. 5. The agreement between the superlattice data,

our 427 nm Si0:8Ge0:2 film, and a Si0:5Ge0:5 alloy model of
the same superlattice total thickness (462 nm) further sug-
gests the existence of similar phonon scattering mechanisms
that contribute to the thermal conductivity based on the
overall sample size. In addition, we plot the thermal con-
ductivities of amorphous silicon [2], bulk Si0:8Ge0:2 alloy
[2], dilute alloys with 0.13%, 0.25%, and 1.0% Ge compo-
sitions [32], and bulk Si [33]. The thermal conductivities of
the Si1!xGex films and Si/Ge superlattice have similar
temperature trends to that of amorphous Si and the bulk
Si1!xGex alloy, indicating the strong effect of alloy scatter-
ing over this temperature range. The reduction of thermal
conductivity in the alloy film and superlattice compared to
the bulk alloy is attributed to the additional scattering
mechanisms of long wavelength phonons with the sample
boundaries, as discussed throughout this Letter. In this
regime, the thermal conductivity of bulk Si and dilute
SiGe alloys show a clear trend indicative of umklapp scat-
tering (" / 1=T). This umklapp behavior is absent in
nondilute alloyed systems. This further alludes to the fact
that alloy scattering is the dominant high frequency phonon
scattering mechanism over this temperature range, whereas
boundary scattering is affecting the low frequency phonons
in these nanosystems. This is further analyzed in our dis-
cussion and analysis pertaining to Fig. 4.
In conclusion, we have shown that the reductions in

thermal conductivity in silicon-germanium alloy thin films
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FIG. 4 (color online). Spectral thermal conductivity for the
427 and 39 nm Si0:8Ge0:2 films at room temperature. The inset
shows the alloy, umklapp, and the boundary scattering times
versus angular frequency for the 427 and 39 nm films.
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FIG. 5 (color online). Thermal conductivity of various SiGe
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dilute alloy films of 0.13% (right open triangles), 0.25% (open
stars), and 1% (left open triangles) Ge concentrations from
Ref. [32]. Lines correspond to predictions of the model presented
in Eq. (1) for 427 nm Si0:8Ge0:2 film (dashed line), 202 nm
Si0:8Ge0:2 (dash-dotted line), and 462 nm Si0:5Ge0:5 (solid line)
and bulk Si (dotted line) from Ref. [33].
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conductivity increases with thickness, we can safely say that
the reduction is not due to film dislocations. Intriguingly,
the thermal conductivities of the alloy thin films measured
in this Letter are among the lowest of any of the previous
measurements on SiGe-based thin-film systems. We note
that the only previous data that approach our lowest mea-
sured value are those in which the authors admit that the
measured samples have poor crystal quality (black filled
squares in Fig. 2) [2].

To quantify this effect, we turn to a model originally
proposed by Wang and Mingo [31], in which thermal
conductivity ! is given by

! ¼
Z @!c=kBT

0

k4BT
3

2"2v@3 #ðT; yÞy4 expðyÞ
½expðyÞ % 1&2 dy; (1)

where kB is Boltzmann’s constant, @ is Planck’s constant
divided by 2", T is temperature, and y ¼ @!=kBT
is a dimensionless parameter. The average velocity v is
calculated by v ¼ ½ð1% xÞv%2

Si þ xv%2
Ge &%1=2, where x is

the Ge concentration and vSi and vGe are the average
speeds of sound in Si and Ge, respectively, as calculated
by Wang and Mingo [31]. The scattering time for a given
frequency, #, is related to the individual processes via
Mattheissen’s rule # ¼ ð#%1

U þ #%1
a þ #%1

b Þ%1, where #U,

#a, and #b are the umklapp, alloy, and boundary scattering
times, respectively. These are given by

#U ¼ ½ð1% xÞ#%1
U;Si þ x#%1

U;Ge&%1; (2)

#a ¼ ½xð1% xÞA!4&%1; (3)

and
#b ¼ d=v; (4)

where
#%1
U;SiðGeÞ ¼ BSiðGeÞ!

2 expð%CSiðGeÞ=TÞ: (5)

The constants A, B, andC are taken from Ref. [31], and d is
the film thickness.
Our model is thus identical to that in Ref. [31] except

for the cutoff frequency, which we define as !c ¼ 2"v=a,
with a being the lattice constant of the Si1%xGex film
approximated by Vegard’s law: a ¼ ð1% xÞaSi þ xaGe,
where aSi and aGe are the lattice constants of silicon and
germanium, respectively. Equation (1) assumes a disper-
sionless, Debye system. This is acceptable for Si1%xGex
systems with nondilute alloying compositions, since the
dispersive phonons scatter strongly with the alloy atoms
due to their high frequencies. This assertion is substanti-
ated by the reasonable agreement found between this
model, our data, and previously reported measurements
on thin-film alloys in Refs. [2,7,23] as shown in Fig. 2.
To first assess the role of alloy composition, Fig. 3

shows the measured thermal conductivity versus Ge
concentration and the predictions of the thermal conduc-
tivity for bulk and thin-film Si1%xGex of three different
thicknesses at room temperature using Eq. (1). For
Si1%xGex with 0:2< x< 0:8, we found that the thermal
conductivity is almost flat and in agreement with our
experimental results. This lack of dependence on the Ge
concentration is much more pronounced in thin films than
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FIG. 2 (color online). Thermal conductivity measurements on
Si0:8Ge0:2 of the thickness series along with previously reported
values of different Si/Ge superlattices, alloy-based superlattices,
and alloy films at room temperature. Closed symbols represent
superlattices; open symbols represent Si1%xGex films. The ther-
mal conductivity is plotted versus (a) period or film thickness
and (b) total sample thickness. The figure also shows the model
presented in Eq. (1).
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conductivity increases with thickness, we can safely say that
the reduction is not due to film dislocations. Intriguingly,
the thermal conductivities of the alloy thin films measured
in this Letter are among the lowest of any of the previous
measurements on SiGe-based thin-film systems. We note
that the only previous data that approach our lowest mea-
sured value are those in which the authors admit that the
measured samples have poor crystal quality (black filled
squares in Fig. 2) [2].

To quantify this effect, we turn to a model originally
proposed by Wang and Mingo [31], in which thermal
conductivity ! is given by

! ¼
Z @!c=kBT

0

k4BT
3

2"2v@3 #ðT; yÞy4 expðyÞ
½expðyÞ % 1&2 dy; (1)

where kB is Boltzmann’s constant, @ is Planck’s constant
divided by 2", T is temperature, and y ¼ @!=kBT
is a dimensionless parameter. The average velocity v is
calculated by v ¼ ½ð1% xÞv%2

Si þ xv%2
Ge &%1=2, where x is

the Ge concentration and vSi and vGe are the average
speeds of sound in Si and Ge, respectively, as calculated
by Wang and Mingo [31]. The scattering time for a given
frequency, #, is related to the individual processes via
Mattheissen’s rule # ¼ ð#%1

U þ #%1
a þ #%1

b Þ%1, where #U,

#a, and #b are the umklapp, alloy, and boundary scattering
times, respectively. These are given by

#U ¼ ½ð1% xÞ#%1
U;Si þ x#%1

U;Ge&%1; (2)

#a ¼ ½xð1% xÞA!4&%1; (3)

and
#b ¼ d=v; (4)

where
#%1
U;SiðGeÞ ¼ BSiðGeÞ!

2 expð%CSiðGeÞ=TÞ: (5)

The constants A, B, andC are taken from Ref. [31], and d is
the film thickness.
Our model is thus identical to that in Ref. [31] except

for the cutoff frequency, which we define as !c ¼ 2"v=a,
with a being the lattice constant of the Si1%xGex film
approximated by Vegard’s law: a ¼ ð1% xÞaSi þ xaGe,
where aSi and aGe are the lattice constants of silicon and
germanium, respectively. Equation (1) assumes a disper-
sionless, Debye system. This is acceptable for Si1%xGex
systems with nondilute alloying compositions, since the
dispersive phonons scatter strongly with the alloy atoms
due to their high frequencies. This assertion is substanti-
ated by the reasonable agreement found between this
model, our data, and previously reported measurements
on thin-film alloys in Refs. [2,7,23] as shown in Fig. 2.
To first assess the role of alloy composition, Fig. 3

shows the measured thermal conductivity versus Ge
concentration and the predictions of the thermal conduc-
tivity for bulk and thin-film Si1%xGex of three different
thicknesses at room temperature using Eq. (1). For
Si1%xGex with 0:2< x< 0:8, we found that the thermal
conductivity is almost flat and in agreement with our
experimental results. This lack of dependence on the Ge
concentration is much more pronounced in thin films than
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FIG. 2 (color online). Thermal conductivity measurements on
Si0:8Ge0:2 of the thickness series along with previously reported
values of different Si/Ge superlattices, alloy-based superlattices,
and alloy films at room temperature. Closed symbols represent
superlattices; open symbols represent Si1%xGex films. The ther-
mal conductivity is plotted versus (a) period or film thickness
and (b) total sample thickness. The figure also shows the model
presented in Eq. (1).
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PRL 109, 195901 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

9 NOVEMBER 2012

195901-3

Cheaito et al, PRL 109, 195901 (2012)

Short wavelength phonons: defect scattering
Long wavelength phonons: limited by film thickness

Example: SiGe alloy thin films

in bulk materials, suggesting that size effects more signifi-
cantly influence the transport in Si1!xGex films than does
alloying when 0:2< x< 0:8. This is further supported in
Fig. 3, where changes in thickness from 39 to 427 nm are
found to have a much greater effect on the thermal con-
ductivity than variations in Ge content. Last, this trend is
consistent with the previous computational work of Chen,
Zhang, and Li [19], where the thermal conductivities of
Stillinger-Weber–type Si1!xGex nanowires were relatively
insensitive to changes in composition for 0:2< x < 0:8.

To understand the degree to which the different scatter-
ing processes affect thermal conductivity, we analyze the
spectral contribution to thermal conductivity by calculat-
ing the integrand of Eq. (1). Figure 4 shows the spectral
thermal conductivity for the 427 and 39 nm films having a
Ge content of 20%. The spectral curve increases with
frequency reaching a peak at around 10 and 18 Trad s!1

for the 427 and 39 nm films, respectively, and decreases
thereafter. This demonstrates that low frequency (long
wavelength) phonons more significantly contribute to the
transport and thus the treatment of alloys as a dispersion-
less (i.e., Debye-like) system is valid. The inset reveals
that, in this low frequency regime, boundary scattering is
the dominant process, since the boundary scattering time
(!b) is shortest for the modes carrying the most heat. It is
only at high frequencies that alloy scattering is the limiting
mechanism. As a result, we conclude that the low thermal
conductivities of Si1!xGex alloy thin films arise primarily
due to the boundary scattering in the film rather than the
effects of the alloying in the material.

This interpretation is further demonstrated through an
examination of temperature dependence of the thermal con-
ductivity presented in Fig. 5. The 427 and 202 nm Si0:8Ge0:2
films exhibit reasonable agreement with our model over a
range of 141–300 K. We also plot temperature-dependent
thermal conductivity of a Si/Ge superlattice of 462 nm total
thickness from Ref [4]. Moreover, we plot our model assum-
ing the thickness and average composition of the superlat-
tice in Fig. 5. The agreement between the superlattice data,

our 427 nm Si0:8Ge0:2 film, and a Si0:5Ge0:5 alloy model of
the same superlattice total thickness (462 nm) further sug-
gests the existence of similar phonon scattering mechanisms
that contribute to the thermal conductivity based on the
overall sample size. In addition, we plot the thermal con-
ductivities of amorphous silicon [2], bulk Si0:8Ge0:2 alloy
[2], dilute alloys with 0.13%, 0.25%, and 1.0% Ge compo-
sitions [32], and bulk Si [33]. The thermal conductivities of
the Si1!xGex films and Si/Ge superlattice have similar
temperature trends to that of amorphous Si and the bulk
Si1!xGex alloy, indicating the strong effect of alloy scatter-
ing over this temperature range. The reduction of thermal
conductivity in the alloy film and superlattice compared to
the bulk alloy is attributed to the additional scattering
mechanisms of long wavelength phonons with the sample
boundaries, as discussed throughout this Letter. In this
regime, the thermal conductivity of bulk Si and dilute
SiGe alloys show a clear trend indicative of umklapp scat-
tering (" / 1=T). This umklapp behavior is absent in
nondilute alloyed systems. This further alludes to the fact
that alloy scattering is the dominant high frequency phonon
scattering mechanism over this temperature range, whereas
boundary scattering is affecting the low frequency phonons
in these nanosystems. This is further analyzed in our dis-
cussion and analysis pertaining to Fig. 4.
In conclusion, we have shown that the reductions in

thermal conductivity in silicon-germanium alloy thin films
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FIG. 4 (color online). Spectral thermal conductivity for the
427 and 39 nm Si0:8Ge0:2 films at room temperature. The inset
shows the alloy, umklapp, and the boundary scattering times
versus angular frequency for the 427 and 39 nm films.
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dilute alloy films of 0.13% (right open triangles), 0.25% (open
stars), and 1% (left open triangles) Ge concentrations from
Ref. [32]. Lines correspond to predictions of the model presented
in Eq. (1) for 427 nm Si0:8Ge0:2 film (dashed line), 202 nm
Si0:8Ge0:2 (dash-dotted line), and 462 nm Si0:5Ge0:5 (solid line)
and bulk Si (dotted line) from Ref. [33].
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conductivity increases with thickness, we can safely say that
the reduction is not due to film dislocations. Intriguingly,
the thermal conductivities of the alloy thin films measured
in this Letter are among the lowest of any of the previous
measurements on SiGe-based thin-film systems. We note
that the only previous data that approach our lowest mea-
sured value are those in which the authors admit that the
measured samples have poor crystal quality (black filled
squares in Fig. 2) [2].

To quantify this effect, we turn to a model originally
proposed by Wang and Mingo [31], in which thermal
conductivity ! is given by

! ¼
Z @!c=kBT

0

k4BT
3

2"2v@3 #ðT; yÞy4 expðyÞ
½expðyÞ % 1&2 dy; (1)

where kB is Boltzmann’s constant, @ is Planck’s constant
divided by 2", T is temperature, and y ¼ @!=kBT
is a dimensionless parameter. The average velocity v is
calculated by v ¼ ½ð1% xÞv%2

Si þ xv%2
Ge &%1=2, where x is

the Ge concentration and vSi and vGe are the average
speeds of sound in Si and Ge, respectively, as calculated
by Wang and Mingo [31]. The scattering time for a given
frequency, #, is related to the individual processes via
Mattheissen’s rule # ¼ ð#%1

U þ #%1
a þ #%1

b Þ%1, where #U,

#a, and #b are the umklapp, alloy, and boundary scattering
times, respectively. These are given by

#U ¼ ½ð1% xÞ#%1
U;Si þ x#%1

U;Ge&%1; (2)

#a ¼ ½xð1% xÞA!4&%1; (3)

and
#b ¼ d=v; (4)

where
#%1
U;SiðGeÞ ¼ BSiðGeÞ!

2 expð%CSiðGeÞ=TÞ: (5)

The constants A, B, andC are taken from Ref. [31], and d is
the film thickness.
Our model is thus identical to that in Ref. [31] except

for the cutoff frequency, which we define as !c ¼ 2"v=a,
with a being the lattice constant of the Si1%xGex film
approximated by Vegard’s law: a ¼ ð1% xÞaSi þ xaGe,
where aSi and aGe are the lattice constants of silicon and
germanium, respectively. Equation (1) assumes a disper-
sionless, Debye system. This is acceptable for Si1%xGex
systems with nondilute alloying compositions, since the
dispersive phonons scatter strongly with the alloy atoms
due to their high frequencies. This assertion is substanti-
ated by the reasonable agreement found between this
model, our data, and previously reported measurements
on thin-film alloys in Refs. [2,7,23] as shown in Fig. 2.
To first assess the role of alloy composition, Fig. 3

shows the measured thermal conductivity versus Ge
concentration and the predictions of the thermal conduc-
tivity for bulk and thin-film Si1%xGex of three different
thicknesses at room temperature using Eq. (1). For
Si1%xGex with 0:2< x< 0:8, we found that the thermal
conductivity is almost flat and in agreement with our
experimental results. This lack of dependence on the Ge
concentration is much more pronounced in thin films than
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FIG. 2 (color online). Thermal conductivity measurements on
Si0:8Ge0:2 of the thickness series along with previously reported
values of different Si/Ge superlattices, alloy-based superlattices,
and alloy films at room temperature. Closed symbols represent
superlattices; open symbols represent Si1%xGex films. The ther-
mal conductivity is plotted versus (a) period or film thickness
and (b) total sample thickness. The figure also shows the model
presented in Eq. (1).
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FIG. 3 (color online). Predictions of the thermal conductivity
as a function of Ge composition for bulk and thin-film Si1%xGex
of three different thicknesses calculated at room temperature
by using Eq. (1). The symbols correspond to experimental data
on the thickness series (down open triangles) and composition
series (up filled triangles). With decreasing film thickness,
alloying induces smaller and smaller changes in the thermal
conductivity as size effects begin to dominate.
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FIG. 2. (a), (b) STEM images on two of the AlAs-GaAs SL samples. (c) Cross-plane thermal conductivity measurements on three sets of
AlAs-GaAs SLs of 2, 12, and 24 nm period thicknesses and a set of thin film GaAs samples plotted versus SL thickness, L, at room temperature.
The lines connecting the various data sets are guides to the eye. The figure also shows good agreement between our measurement results on
samples with dSL = 24 nm and those by Luckyanova et al. [6]. The inset is a zoomed view of the data for samples with L < 136 nm plotted
on a linear-linear scale. The solid lines in the inset are linear fits to the plotted data points. (d) Selected data from (c) plotted versus period
thickness, dSL. Green left triangles represent κSL in the diffusive regime obtained by taking average values of thermal conductivities of films
with L > 216 nm for each data set dSL = 2, 12, and 24 nm and the two data points at L = 2,160 nm for dSL = 6 and 18 nm. The lines are
guides to the eye. (e) Thermal conductivity as a function of SL thickness, L, at three different temperatures (100 and 200 K compared to room
temperature). The trend at low temperatures is similar to that at room temperature suggesting that the mechanisms of heat transfer are dictated
by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are significantly altered.

general, an intermixing layer of the order of ∼1 nm is observed122

with the initial few monolayers showing strong intermixing123

and subsequent layers showing reduced intermixing. Details124

of sample growth and thermal measurements are given in the125

Supplemental Material [18].126

Cross-plane thermal conductivities at room temperature,127

measured with time-domain thermoreflectance [19–21] (de-128

tails in the Supplemental Material) [18] are plotted versus129

L in Fig. 2(c) and versus dSL in Fig. 2(d). For the three130

different period thickness sample sets, the thermal conduc-131

tivity increases quasilinearly with L followed by a plateau132

for thickness larger than ∼200 nm. A linear slope indicates133

ballistic phonon transport, or phonon flow without momen-134

tum backscattering within the sample. In this case, phonon135

scattering comes only from the boundaries of the sample.136

A plateau indicates diffusive transport, or flow dictated by137

phonon scattering within the sample. The dependence of κSL138

on L for L < 200 nm demonstrates the existence of long-range139

boundary scattering, or classical size effects [22], even in the140

SLs with highest interface density (dSL = 2 nm). This is also141

apparent by examining the trends in κSL versus dSL for the142

thinnest samples (L ≈ 24 nm) in Fig. 2(d). For this sample143

thickness, κSL becomes nearly independent of dSL, and is thus144

limited by scattering at the sample boundary (L) and not the145

period boundaries spaced by dSL. This is a clear indication of146

quasiballistic transport. The transition from quasiballistic to 147

diffusive transport takes place when the effective mfp becomes 148

comparable to the total thickness and phonons diffusively 149

scatter within the SL instead of at the SL-substrate interface. 150

We note that these trends in κSL versus L are similar at 151

lower temperatures also, as shown in Fig. 2(e), suggesting that 152

the mechanisms of heat transfer are dictated by the sample 153

geometry even though the characteristic length and the mean 154

free path distribution of heat carriers are altered. 155

The ballistic-diffusive transition is also present in the 156

thermal conductivity data of thin film GaAs [Fig. 2(c)]. The 157

fact that this transition occurs at nearly the same thickness 158

of the SL films, for all values of dSL, and the same thickness 159

of the GaAs films suggests that boundary scattering of long 160

mfp (low frequency) phonons at the film/substrate interface is 161

limiting thermal transport in these structures [9]. The inclusion 162

of interfaces via SLs impedes short mfp phonons leading to a 163

reduction in the magnitude of thermal conductivity of SLs as 164

compared to thin film GaAs. 165
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conductivity increases with thickness, we can safely say that
the reduction is not due to film dislocations. Intriguingly,
the thermal conductivities of the alloy thin films measured
in this Letter are among the lowest of any of the previous
measurements on SiGe-based thin-film systems. We note
that the only previous data that approach our lowest mea-
sured value are those in which the authors admit that the
measured samples have poor crystal quality (black filled
squares in Fig. 2) [2].

To quantify this effect, we turn to a model originally
proposed by Wang and Mingo [31], in which thermal
conductivity ! is given by

! ¼
Z @!c=kBT

0

k4BT
3

2"2v@3 #ðT; yÞy4 expðyÞ
½expðyÞ % 1&2 dy; (1)

where kB is Boltzmann’s constant, @ is Planck’s constant
divided by 2", T is temperature, and y ¼ @!=kBT
is a dimensionless parameter. The average velocity v is
calculated by v ¼ ½ð1% xÞv%2

Si þ xv%2
Ge &%1=2, where x is

the Ge concentration and vSi and vGe are the average
speeds of sound in Si and Ge, respectively, as calculated
by Wang and Mingo [31]. The scattering time for a given
frequency, #, is related to the individual processes via
Mattheissen’s rule # ¼ ð#%1

U þ #%1
a þ #%1

b Þ%1, where #U,

#a, and #b are the umklapp, alloy, and boundary scattering
times, respectively. These are given by

#U ¼ ½ð1% xÞ#%1
U;Si þ x#%1

U;Ge&%1; (2)

#a ¼ ½xð1% xÞA!4&%1; (3)

and
#b ¼ d=v; (4)

where
#%1
U;SiðGeÞ ¼ BSiðGeÞ!

2 expð%CSiðGeÞ=TÞ: (5)

The constants A, B, andC are taken from Ref. [31], and d is
the film thickness.
Our model is thus identical to that in Ref. [31] except

for the cutoff frequency, which we define as !c ¼ 2"v=a,
with a being the lattice constant of the Si1%xGex film
approximated by Vegard’s law: a ¼ ð1% xÞaSi þ xaGe,
where aSi and aGe are the lattice constants of silicon and
germanium, respectively. Equation (1) assumes a disper-
sionless, Debye system. This is acceptable for Si1%xGex
systems with nondilute alloying compositions, since the
dispersive phonons scatter strongly with the alloy atoms
due to their high frequencies. This assertion is substanti-
ated by the reasonable agreement found between this
model, our data, and previously reported measurements
on thin-film alloys in Refs. [2,7,23] as shown in Fig. 2.
To first assess the role of alloy composition, Fig. 3

shows the measured thermal conductivity versus Ge
concentration and the predictions of the thermal conduc-
tivity for bulk and thin-film Si1%xGex of three different
thicknesses at room temperature using Eq. (1). For
Si1%xGex with 0:2< x< 0:8, we found that the thermal
conductivity is almost flat and in agreement with our
experimental results. This lack of dependence on the Ge
concentration is much more pronounced in thin films than
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FIG. 2 (color online). Thermal conductivity measurements on
Si0:8Ge0:2 of the thickness series along with previously reported
values of different Si/Ge superlattices, alloy-based superlattices,
and alloy films at room temperature. Closed symbols represent
superlattices; open symbols represent Si1%xGex films. The ther-
mal conductivity is plotted versus (a) period or film thickness
and (b) total sample thickness. The figure also shows the model
presented in Eq. (1).
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as a function of Ge composition for bulk and thin-film Si1%xGex
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series (up filled triangles). With decreasing film thickness,
alloying induces smaller and smaller changes in the thermal
conductivity as size effects begin to dominate.
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FIG. 2. (a), (b) STEM images on two of the AlAs-GaAs SL samples. (c) Cross-plane thermal conductivity measurements on three sets of
AlAs-GaAs SLs of 2, 12, and 24 nm period thicknesses and a set of thin film GaAs samples plotted versus SL thickness, L, at room temperature.
The lines connecting the various data sets are guides to the eye. The figure also shows good agreement between our measurement results on
samples with dSL = 24 nm and those by Luckyanova et al. [6]. The inset is a zoomed view of the data for samples with L < 136 nm plotted
on a linear-linear scale. The solid lines in the inset are linear fits to the plotted data points. (d) Selected data from (c) plotted versus period
thickness, dSL. Green left triangles represent κSL in the diffusive regime obtained by taking average values of thermal conductivities of films
with L > 216 nm for each data set dSL = 2, 12, and 24 nm and the two data points at L = 2,160 nm for dSL = 6 and 18 nm. The lines are
guides to the eye. (e) Thermal conductivity as a function of SL thickness, L, at three different temperatures (100 and 200 K compared to room
temperature). The trend at low temperatures is similar to that at room temperature suggesting that the mechanisms of heat transfer are dictated
by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are significantly altered.
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with the initial few monolayers showing strong intermixing123
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measured with time-domain thermoreflectance [19–21] (de-128

tails in the Supplemental Material) [18] are plotted versus129
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FIG. 6. (a) The mean thermal boundary conductances of inter-
faces in ZnOx/HQ SLs derived from thermal conductivity measure-
ments shown in Fig. 4. Also plotted are the mean conductances
of interfaces in W/Al2O3 SLs [51] and AlN/GaN SLs [52] for
comparison. (b) The mean thermal boundary conductances derived
for x = 7.0 and 13.1 nm as a function of temperature for the
ZnO-based SLs. The calculations of maximum conductance in ZnO
with phonon transmission coefficient equal to unity are also shown.
Also included for comparison is the calculation of the DMM for a
ZnO/ZnO interface (i.e., 50% transmission of the ZnO phonon flux).

described by the temperature derivative of the phonon flux
[as described in Eq. (2)] with the inclusion of a transmission
coefficient (ζ1→2) from side 1 to 2 (from inorganic, through
the organic monolayer, and emitted into the next inorganic
layer). The thermal boundary conductance is defined based
on the temperature of the incident and emitted phonons,
and therefore it predicts a finite interfacial conductance (as
opposed to an infinite conductance or zero thermal boundary
resistance) for an imaginary interface composed of the same
material [50]. This conductance occurs when ζ1→2 = 1 and
all available phonon modes are transmitted from side 1 to
2 of the imaginary interface in the crystal. We note that
by this definition, the maximum possible thermal boundary
conductance for an imaginary interface is solely limited by the
phonon flux that impinges upon the interface. Alternatively,
assuming an interface between two materials that causes
diffusive scattering, this maximum limit is described by a
transmission of ζ = 0.5.

To consider the possibility of the thermal boundary
conductance across the inorganic/organic/inorganic interface-
limiting the thermal transport across the SLs, we model
hK across the ZnO/HQ/ZnO interface assuming maximal
phonon transmission. This assumption implies that the phonon
transmission from the ZnO across the HQ is unimpeded by any
properties of the HQ; that is, we assume ζ1→2 = 1. For these
calculations, we make the same assumptions for ZnO density
of states and phonon velocities as in Eq. (2). Calculation of
this maximal conductance at room temperature for a ZnO
phonon flux is shown in Fig. 6(a) (dashed line). In most real

nanosystems, due to both a mismatch of vibrational density
of states and imperfections around the interfacial regions,
the transmission coefficient is not unity (for a review of
thermal boundary conductance dictated by various interfacial
conditions, readers are referred to Ref. [5]). For this reason,
the measured values of hK in the literature have never ex-
ceeded this maximum thermal boundary conductance for any
interface.

From the measured thermal conductivities in our hybrid
SLs, we derive the mean thermal boundary conductance across
the individual ZnO/HQ/ZnO interfaces with a series resistor
model, which assumes that phonons can only scatter at the
ZnO/HQ/ZnO interfaces (consistent with our previous analysis
where we assume that the phonon flux is only scattered at
the ZnO/HQ boundaries). We calculate the mean conductance
across the HQ layers as hK = 1/RK = (κZnOx/HQn)/d, where
n is the number of inorganic/organic/inorganic interfaces and
d is the total thickness of the hybrid films. To reiterate, this
formulation of 1/RK implies that the resistance due to the
individual ZnO/HQ interfaces and the intrinsic resistance of
the organic molecules comprising the interface are lumped as
a single resistor.

Figure 6(a) shows the mean thermal conductance for
ZnO/HQ/ZnO interfaces as a function of the inorganic layer
thickness (hollow squares). Two aspects of the results for
the conductance calculations shown in Fig. 6(a) are worth
noting. First, the values of the mean conductances for these
SLs among the various samples are agreeable within the
uncertainties, regardless of the ZnO/HQ/ZnO interface density.
This suggests that the series resistor model used to derive
these conductances is applicable for our hybrid SLs with
single HQ layers, and our previous assumption and discussion
regarding fully thermalizing (i.e., black) inorganic/organic
boundaries is supported. Along with the results for the hybrid
SLs, we also plot the mean conductances derived from
thermal conductivity measurements for W/Al2O3 [51] and
AlN/GaN[52] SLs. Contrary to our hybrid SLs, the mean
conductances in these inorganic based SLs increase with
decreasing period thicknesses. In Ref. [52], this increase in
hK for the AlN/GaN SLs was attributed to phonons with long
wavelengths carrying the majority of heat.

The second aspect worth noting is that the mean conduc-
tances derived are close to the maximum conductance with
ζ = 1. We demonstrate this consistency over a wide range of
temperatures, shown in Fig. 6(b), which plots hK calculated
for ZnO/HQ/ZnO interface as a function of temperature for
the two SLs with x = 13.1 and 7.0 nm. The appreciable
agreement between these values and the conductance in
ZnO is consistent with the analysis in Fig. 5 (treating all
phonon mean free paths being limited by scattering at the
ZnO/HQ/ZnO interface), as mentioned above. This agreement
also suggests that a large portion of the phonon modes in the
ZnO transmits ballistically across the ZnO/HQ/ZnO interface,
implying relatively minor intrinsic thermal resistance in the
molecular layer. While the relatively minor disagreement
between the maximal conductance [Fig. 6(b), solid line] and
the data could imply some level of phonon-vibron interactions
in the HQ layer, more rigorous computational models are
necessary to draw quantitative conclusions regarding these
diffusive scattering processes in the molecule.
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FIG. 1. Literature data of cross-plane thermal conductivities of AlAs-GaAs and Si-Ge SLs plotted versus dSL in (a) and (c) and versus L in
(b) and (d), respectively. Data are taken from Refs. [6,10] for AlAs-GaAs and Refs. [11–13] for Si-Ge. Selected data points are labeled by the
corresponding value of L in (a) and (c) and the corresponding value of dSL in (b) and (d). All data are at room temperature.

L. Moreover, Lee et al. [11] showed no clear trend in neither
dSL nor L. It is worth noting that the larger discrepancy in
Si-Ge superlattices could be due to the large lattice mismatch
between Si and Ge(∼4%), and thus, the AlAs and GaAs SL
system, which exhibits a lattice mismatch of ∼ 0.2%, is a better
suited material system to study the physics of phonon thermal
transport across periodic structures.

Based on previous studies, no conclusive trend in the de-
pendence of thermal conductivity on dSL or L can be drawn. As
a result, the interplay between short- and long-range boundary
scattering is not fully understood and requires a systematic ex-
perimental study that isolates the contributions of each of these
mechanisms to phononic thermal transport. Most importantly,
an understanding of the interplay between these different
length scales of boundary scattering is a necessity to fully
elucidate the fundamental mechanisms of coherent phonon
transport, as these theories are based on the trends in both
period and thickness dependency of the thermal conductivity
of SLs [5–7]. Currently, the experimental data that exist in the
literature leaves holes in the existing understanding of nature,
behavior, and spectral scope of coherent transport in SLs.

In this work, we report on experimental measurements of the
cross-plane thermal conductivities of three sets of AlAs-GaAs
SLs of period thicknesses of 2, 12, and 24 nm with varying
sample thicknesses ranging from 20.1 to 2,160 nm and a 50:50

volume fraction. In this way, we systematically create a mesh
of superlattices with varying L and dSL values over which the
thermal conductivity is measured. Our experimental results
demonstrate the existence of classical size effects in SLs, even
at the highest interface density samples. To understand the
contributions of coherent and incoherent phonon transport in
the regime where κSL varies quasilinearly with L, we perform
harmonic nonequilibrium Green’s function calculations. Our
analysis suggests that the observation of a linear-like increase
in thermal conductivity as a function of SL thickness, L,
could have significant contributions from incoherent phonon
transport. This work demonstrates the importance of studying
both period and sample thickness dependencies of thermal con-
ductivity to understand the relative contributions of coherent
and incoherent phonon transport in the thermal conductivity
of SLs.

II. EXPERIMENTAL RESULTS

Samples were grown using molecular beam epitaxy (MBE).
It has been shown that MBE produces interfaces between AlAs
and GaAs that exhibit up to three monolayer wide interfacial
mixing layer [17]. Figures 2(a) and 2(b) show scanning
transmission electron microscope (STEM) images of two of
the superlattice samples confirming a high interface quality. In
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The control of heat conduction through the manipulation of phonons as coherent waves in solids
is of fundamental interest and could also be exploited in applications, but coherent heat
conduction has not been experimentally confirmed. We report the experimental observation of
coherent heat conduction through the use of finite-thickness superlattices with varying numbers of
periods. The measured thermal conductivity increased linearly with increasing total superlattice
thickness over a temperature range from 30 to 150 kelvin, which is consistent with a coherent
phonon heat conduction process. First-principles and Green’s function–based simulations further
support this coherent transport model. Accessing the coherent heat conduction regime opens a new
venue for phonon engineering for an array of applications.

Heat conduction usually occurs by a ran-
dom walk of thermal energy carriers
such as phonons, electrons, or mole-

cules. During the last two decades, size effects
on phonon heat conduction that lead to a de-
viation from this random walk behavior have
drawn considerable attention (1). Most exper-
imental observations of phonon size effects can
be explained by invoking the Casimir picture,
wherein phonons travel ballistically or quasi-
ballistically through the internal region of the
specimen and scatter at interfaces and bound-
aries (2). Such classical size effects are impor-
tant for a wide range of applications including

thermoelectric energy conversion and micro-
electronic thermal management.

In this classical size regime, the phase infor-
mation carried by phonons is lost through the
diffuse scattering of phonons at boundaries and
by internal scattering processes. However, it should
be possible to control the conduction of heat by
manipulating phonon waves through, for exam-
ple, stop-band formation in periodic structures (3),
soliton waves (4), and phonon localization (5).
Suchmanipulations require that heat-carrying pho-
nons maintain their phase information through-
out the heat conduction process. Coherent phonons
in superlattices (SLs) have been observed with

Raman and acoustic reflection and transmission
experiments, but these experiments probe a sin-
gle frequency (6–8), rather than the integrated
distribution associated with heat transfer. Thus,
a conclusive demonstration of coherent phonon
heat conduction remains an open challenge.

The term “coherent” has different meanings
in different fields. Typically, it is used to charac-
terize the source of a nearly monochromatic wave
and implies a measurable phase relationship for
a given time interval during wave propagation.
Although this definition applies to a monochro-
matic wave, it does not apply to heat conduction,
which involves all the thermally excited phonons
in a structure. To clarify the meaning of coherent
heat conduction, we consider heat conduction
across the thickness of a thin film. In the Casimir
classical size effect regime, broadband phonons
thermally excited at one boundary traverse the
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Fig. 1. (A) Cross-sectional TEM image of the 3-period (pd) SL. (Inset) HRTEM
image of one of the interfaces. Measured thermal conductivity of GaAs/AlAs
SLs as a function of (B) number of periods in the SL for different temperatures
and (C) temperature for different SL thicknesses. If the interfaces in the SLs

destroy the phonon coherence, the measured thermal conductivity is expected
to be independent of the number of periods. Below 150 K, the linearity of the
thermal conductivity versus length suggests that phonon heat conduction in
these SLs is coherent.
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Figure 3 | Structural and microstructural characterization of superlattice 
samples from both series. High-resolution, short angular-range q‑2q XRD 
scan of a, an (STO)6/(CTO)6 superlattice centred on the NGO 220 substrate 
peak and b, (STO)74/(BTO)1 superlattice peaks centred on the STO 002 
substrate peak. Both the superlattice peaks and the thickness fringes suggest 
the high degree of interface abruptness in the samples. c, A high-resolution 
reciprocal space map of the (STO)2/(CTO)2 superlattice centred on the NGO 
332 substrate peak. The map clearly shows that the superlattice film is 
coherently strained to the substrate. d, Surface topography of a 200 nm (STO)2/
(CTO)2 thick superlattice film on an STO 001 substrate. The image clearly 
shows the presence of smooth step edges with unit cell height. STEM images of 
e, (STO)2/(CTO)2  and f, STEM-EELS image (dimensions 35 nm X 3.6 nm) of a 
(STO)30/(BTO)1 superlattice revealing the presence of atomically sharp 
interfaces with minimal intermixing in the samples studied along with a 
schematic of the crystal structures on the right. Chemical formulas of the 
component materials of the superlattice are colour-coded to match the false-
colour of the STEM-EELS image on the left (Sr – orange, Ba – purple, Ti – 
green). 

Figure 2 | Measured thermal conductivity values for (STO)m/(CTO)n superlattices 
as a function of interface density at different temperatures. The minimum in 
thermal conductivity becomes deeper at lower temperatures and the interface density 
at which the minimum occurs moves to smaller values at lower temperatures as 
expected. The solid lines are guides to the eye. The shift of the minimum is shown 
using dotted lines projected onto the x-axis for different temperatures. 
 

0.05 0.1 1

1

2

3

4

 84 K
 142 K
 307 K

 

Interface density (nm-1)

Th
er

m
al

 c
on

du
ct

iv
ity

 (W
m

-1
K

-1
)

40 10 1

Period thickness (nm)

Science 338, 936 (2012)

CTO/STO
Sample constant
Period variable

17. S. Howorka, Z. Siwy, Chem. Soc. Rev. 38, 2360
(2009).

18. C. Dekker, Nat. Nanotechnol. 2, 209 (2007).
19. A. R. Hall et al., Nat. Nanotechnol. 5, 874 (2010).
20. D. Branton et al., Nat. Biotechnol. 26, 1146 (2008).
21. S. Majd et al., Curr. Opin. Biotechnol. 21, 439

(2010).
22. E. A. Manrao et al., Nat. Biotechnol. 30, 349 (2012).
23. N. A. W. Bell et al., Nano Lett. 12, 512 (2012).
24. R. Wei, T. G. Martin, U. Rant, H. Dietz, Angew. Chem.

Int. Ed. 51, 4864 (2012).
25. S. Burge, G. N. Parkinson, P. Hazel, A. K. Todd, S. Neidle,

Nucleic Acids Res. 34, 5402 (2006).
26. W. Vercoutere et al., Nat. Biotechnol. 19, 248 (2001).
27. A. F. Sauer-Budge, J. A. Nyamwanda, D. K. Lubensky,

D. Branton, Phys. Rev. Lett. 90, 238101 (2003).

28. J. Mathé, H. Visram, V. Viasnoff, Y. Rabin, A. Meller,
Biophys. J. 87, 3205 (2004).

Acknowledgments: Supported by the Deutsche
Forschungsgemeinschaft [grant SFB 863 and Excellence
Clusters NIM (Nanosystems Initiative Munich) and CIPSM
(Center for Integrated Protein Science Munich)], the
Bundesministerium für Bildung und Forschung (grant
13N10970), the European Research Council (starting grant
GA 256270, H.D.), the Technische Universität München
Institute for Advanced Study, and NIH grant 1R01GM081705
(M.M.). We thank M. Hiller and A. Bessonov for preliminary
work, G. Baaken and J. Behrends for kindly providing the
MECA chips, and A. Seifert, M. Beckler, and N. Fertig for
technical support with the Orbit setup. M.M., H.D., and F.C.S.
designed the research; M.L., V.A., and S.R. performed

electrophysiological experiments; T.G.M. prepared the synthetic
DNA channels and performed TEM; J.L., V.A., and T.G.M.
performed experiments with lipid vesicles; and H.D. and F.C.S.
wrote the paper. All authors discussed the results and commented
on the manuscript.

Supplementary Materials
www.sciencemag.org/cgi/content/full/338/6109/932/DC1
Materials and Methods
Texts S1 to S9
Figs. S1 to S24
Tables S1 to S3
References (29–46)

4 June 2012; accepted 27 September 2012
10.1126/science.1225624

Coherent Phonon Heat Conduction
in Superlattices
Maria N. Luckyanova,1* Jivtesh Garg,1* Keivan Esfarjani,1 Adam Jandl,2 Mayank T. Bulsara,2
Aaron J. Schmidt,3 Austin J. Minnich,4 Shuo Chen,5 Mildred S. Dresselhaus,6,7 Zhifeng Ren,5
Eugene A. Fitzgerald,2 Gang Chen1†
The control of heat conduction through the manipulation of phonons as coherent waves in solids
is of fundamental interest and could also be exploited in applications, but coherent heat
conduction has not been experimentally confirmed. We report the experimental observation of
coherent heat conduction through the use of finite-thickness superlattices with varying numbers of
periods. The measured thermal conductivity increased linearly with increasing total superlattice
thickness over a temperature range from 30 to 150 kelvin, which is consistent with a coherent
phonon heat conduction process. First-principles and Green’s function–based simulations further
support this coherent transport model. Accessing the coherent heat conduction regime opens a new
venue for phonon engineering for an array of applications.

Heat conduction usually occurs by a ran-
dom walk of thermal energy carriers
such as phonons, electrons, or mole-

cules. During the last two decades, size effects
on phonon heat conduction that lead to a de-
viation from this random walk behavior have
drawn considerable attention (1). Most exper-
imental observations of phonon size effects can
be explained by invoking the Casimir picture,
wherein phonons travel ballistically or quasi-
ballistically through the internal region of the
specimen and scatter at interfaces and bound-
aries (2). Such classical size effects are impor-
tant for a wide range of applications including

thermoelectric energy conversion and micro-
electronic thermal management.

In this classical size regime, the phase infor-
mation carried by phonons is lost through the
diffuse scattering of phonons at boundaries and
by internal scattering processes. However, it should
be possible to control the conduction of heat by
manipulating phonon waves through, for exam-
ple, stop-band formation in periodic structures (3),
soliton waves (4), and phonon localization (5).
Suchmanipulations require that heat-carrying pho-
nons maintain their phase information through-
out the heat conduction process. Coherent phonons
in superlattices (SLs) have been observed with

Raman and acoustic reflection and transmission
experiments, but these experiments probe a sin-
gle frequency (6–8), rather than the integrated
distribution associated with heat transfer. Thus,
a conclusive demonstration of coherent phonon
heat conduction remains an open challenge.

The term “coherent” has different meanings
in different fields. Typically, it is used to charac-
terize the source of a nearly monochromatic wave
and implies a measurable phase relationship for
a given time interval during wave propagation.
Although this definition applies to a monochro-
matic wave, it does not apply to heat conduction,
which involves all the thermally excited phonons
in a structure. To clarify the meaning of coherent
heat conduction, we consider heat conduction
across the thickness of a thin film. In the Casimir
classical size effect regime, broadband phonons
thermally excited at one boundary traverse the
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Fig. 1. (A) Cross-sectional TEM image of the 3-period (pd) SL. (Inset) HRTEM
image of one of the interfaces. Measured thermal conductivity of GaAs/AlAs
SLs as a function of (B) number of periods in the SL for different temperatures
and (C) temperature for different SL thicknesses. If the interfaces in the SLs

destroy the phonon coherence, the measured thermal conductivity is expected
to be independent of the number of periods. Below 150 K, the linearity of the
thermal conductivity versus length suggests that phonon heat conduction in
these SLs is coherent.
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SUPPLEMENTAL MATERIAL 3

 
Fig. R1 (left) A schematic of the AlAs-GaAs SL structure measured using TDTR; (right) A 
schematic of the AlAs-GaAs SL structure simulated using Green’s functions. 

 

Supplemental Figure 1: A schematic showing the AlAs-GaAs SLs structure. For the 2 nm period
thickness set, a 5 nm GaAs cap layer was grown on top to prevent oxidation of Al inside AlAs
prior to coating the samples with aluminum. (right) A schematic of the AlAs-GaAs SL structure
simulated using Green’s functions.

of 25 and 10 µm, respectively. We monitor the ratio of in-phase to out-of-phase
components of the lock-in amplifier signal as a function of the time delay. The
lock-in amplifier signal is fit to a multilayer thermal model in which the thermal
conductivity of the SL film and the interface conductance between the aluminum
coating and film are the free parameters [1, 2, 3]. TDTR measurements were
done at 3 di↵erent modulation frequencies (3.5, 8.8 and 12.2 MHz) where at least
five measurements were conducted at each frequency. The average of all these
measurements is reported. The thermal conductivities of the GaAs substrate and
200 nm GaAs smoothing layer are measured separately from an identical GaAs
substrate and 200 nm GaAs film grown under the same conditions used for the SL
films.

The thermal interface conductance between the SL film or GaAs thin film and
the bu↵er-substrate layer is found to be high enough that we are completely in-
sensitive to it. This is justified by the values of hK shown in Supplemental Fig. 2
(derived from a series resistor model from the thermal conductivity data and num-
ber of interfaces per unit length of the SL; see Eq. 2 and discussion in Section 5 of

4 SUPPLEMENTAL MATERIAL

Supplemental Table 1: period thickness, d
SL

, thickness, L, smoothing layer thickness, d
smooth

, cap
layer thickness, d

cap

, and thermal conductivity at room temperature of AlAs-GaAs superlattices
and GaAs thin films.

Sample Code d
SL

(nm) L (nm) d
smooth

(nm) d
cap


300K

(W m�1 K�1)

Superlattices:

R13-20 2 20.1 250 5 1.65 ± 0.33
R13-25 2 31.3 250 5 1.77 ± 0.25
R13-24 2 64 250 5 2.34 ± 0.22
R13-21 2 120.5 250 5 3.00 ± 0.22
R13-27 2 384 250 5 3.47 ± 0.24
R13-22 2 685.4 250 5 3.14 ± 0.40
R13-23 2 1,220 250 5 3.40 ± 0.36
R13-26 2 2,160 250 5 4.17 ± 0.30

R14-125 12 24 200 - 1.97 ± 0.27
R14-126 12 72 200 - 4.32 ± 0.57
R14-127 12 132 200 - 5.68 ± 0.31
R14-128 12 216 200 - 7.46 ± 0.47
R14-129 12 684 200 - 8.90 ± 0.75
R13-111 12 2,160 30 - 8.54 ± 0.69

R14-121 24 24 200 - 2.30 ± 0.48
R14-122 24 72 200 - 5.75 ± 0.95
R14-123 24 216 200 - 10.63 ± 0.85
R14-124 24 696 200 - 12.69 ± 0.50
R13-109 24 2,160 30 - 11.8 ± 1.03

R13-112 6.0 2,160 30 - 6.68 ± 0.56

R13-110 18.0 2,160 30 - 11.29 ± 0.95

GaAs thin films:

R14-164 - 24 200 - 2.66 ± 0.53
R14-163 - 72 200 - 8.34 ± 1.67
R14-162 - 120 200 - 21.8 ± 3.5
R14-159 - 216 200 - 29.10 ± 3.5
R14-161 - 696 200 - 33.3 ± 3.3
R14-160 - 2,160 200 - 34.0 ± 3.4

LF16464B PRB February 6, 2018 5:43

INTERPLAY BETWEEN COHERENT AND INCOHERENT … PHYSICAL REVIEW B 00, 005300 (2018)

κ

(a) (b)

(c)

(d)

(e)

FIG. 2. (a), (b) STEM images on two of the AlAs-GaAs SL samples. (c) Cross-plane thermal conductivity measurements on three sets of
AlAs-GaAs SLs of 2, 12, and 24 nm period thicknesses and a set of thin film GaAs samples plotted versus SL thickness, L, at room temperature.
The lines connecting the various data sets are guides to the eye. The figure also shows good agreement between our measurement results on
samples with dSL = 24 nm and those by Luckyanova et al. [6]. The inset is a zoomed view of the data for samples with L < 136 nm plotted
on a linear-linear scale. The solid lines in the inset are linear fits to the plotted data points. (d) Selected data from (c) plotted versus period
thickness, dSL. Green left triangles represent κSL in the diffusive regime obtained by taking average values of thermal conductivities of films
with L > 216 nm for each data set dSL = 2, 12, and 24 nm and the two data points at L = 2,160 nm for dSL = 6 and 18 nm. The lines are
guides to the eye. (e) Thermal conductivity as a function of SL thickness, L, at three different temperatures (100 and 200 K compared to room
temperature). The trend at low temperatures is similar to that at room temperature suggesting that the mechanisms of heat transfer are dictated
by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are significantly altered.

general, an intermixing layer of the order of ∼1 nm is observed122

with the initial few monolayers showing strong intermixing123

and subsequent layers showing reduced intermixing. Details124

of sample growth and thermal measurements are given in the125

Supplemental Material [18].126

Cross-plane thermal conductivities at room temperature,127

measured with time-domain thermoreflectance [19–21] (de-128

tails in the Supplemental Material) [18] are plotted versus129

L in Fig. 2(c) and versus dSL in Fig. 2(d). For the three130

different period thickness sample sets, the thermal conduc-131

tivity increases quasilinearly with L followed by a plateau132

for thickness larger than ∼200 nm. A linear slope indicates133

ballistic phonon transport, or phonon flow without momen-134

tum backscattering within the sample. In this case, phonon135

scattering comes only from the boundaries of the sample.136

A plateau indicates diffusive transport, or flow dictated by137

phonon scattering within the sample. The dependence of κSL138

on L for L < 200 nm demonstrates the existence of long-range139

boundary scattering, or classical size effects [22], even in the140

SLs with highest interface density (dSL = 2 nm). This is also141

apparent by examining the trends in κSL versus dSL for the142

thinnest samples (L ≈ 24 nm) in Fig. 2(d). For this sample143

thickness, κSL becomes nearly independent of dSL, and is thus144

limited by scattering at the sample boundary (L) and not the145

period boundaries spaced by dSL. This is a clear indication of146

quasiballistic transport. The transition from quasiballistic to 147

diffusive transport takes place when the effective mfp becomes 148

comparable to the total thickness and phonons diffusively 149

scatter within the SL instead of at the SL-substrate interface. 150

We note that these trends in κSL versus L are similar at 151

lower temperatures also, as shown in Fig. 2(e), suggesting that 152

the mechanisms of heat transfer are dictated by the sample 153

geometry even though the characteristic length and the mean 154

free path distribution of heat carriers are altered. 155

The ballistic-diffusive transition is also present in the 156

thermal conductivity data of thin film GaAs [Fig. 2(c)]. The 157

fact that this transition occurs at nearly the same thickness 158

of the SL films, for all values of dSL, and the same thickness 159

of the GaAs films suggests that boundary scattering of long 160

mfp (low frequency) phonons at the film/substrate interface is 161

limiting thermal transport in these structures [9]. The inclusion 162

of interfaces via SLs impedes short mfp phonons leading to a 163

reduction in the magnitude of thermal conductivity of SLs as 164

compared to thin film GaAs. 165

III. DISCUSSION AND MODELING: COHERENT VS. 166

INCOHERENT EFFECTS 167

Several works on thermal transport in SLs reported a 168

minimum in κSL as a function of dSL that denotes a crossover 169

005300-3
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AlAs-GaAs SLs of 2, 12, and 24 nm period thicknesses and a set of thin film GaAs samples plotted versus SL thickness, L, at room temperature.
The lines connecting the various data sets are guides to the eye. The figure also shows good agreement between our measurement results on
samples with dSL = 24 nm and those by Luckyanova et al. [6]. The inset is a zoomed view of the data for samples with L < 136 nm plotted
on a linear-linear scale. The solid lines in the inset are linear fits to the plotted data points. (d) Selected data from (c) plotted versus period
thickness, dSL. Green left triangles represent κSL in the diffusive regime obtained by taking average values of thermal conductivities of films
with L > 216 nm for each data set dSL = 2, 12, and 24 nm and the two data points at L = 2,160 nm for dSL = 6 and 18 nm. The lines are
guides to the eye. (e) Thermal conductivity as a function of SL thickness, L, at three different temperatures (100 and 200 K compared to room
temperature). The trend at low temperatures is similar to that at room temperature suggesting that the mechanisms of heat transfer are dictated
by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are significantly altered.

general, an intermixing layer of the order of ∼1 nm is observed122
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FIG. 2. (a), (b) STEM images on two of the AlAs-GaAs SL samples. (c) Cross-plane thermal conductivity measurements on three sets of
AlAs-GaAs SLs of 2, 12, and 24 nm period thicknesses and a set of thin film GaAs samples plotted versus thickness, L, at room temperature.
The lines connecting the various data sets are guides to the eye. The figure also shows good agreement between our measurement results on
samples with dSL = 24 nm and those by Luckyanova et al. [6]. The inset is a zoomed view of the data for samples with L < 136 nm plotted
on a linear-linear scale. The solid lines in the inset are linear fits to the plotted data points. (d) Selected data from (c) plotted versus period
thickness, dSL. Green left triangles represent κSL in the diffusive regime obtained by taking average values of thermal conductivities of films
with L > 216 nm for each data set dSL = 2, 12, and 24 nm and the two data points at L = 2,160 nm for dSL = 6 and 18 nm. The lines are
guides to the eye. (e) Thermal conductivity as a function of SL thickness, L, at three different temperatures (100 and 200 K compared to room
temperature). The trend at low temperatures is similar to that at room temperature suggesting that the mechanisms of heat transfer are dictated
by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are significantly altered.

general, an intermixing layer of the order of ∼1 nm is observed
with the initial few monolayers showing strong intermixing
and subsequent layers showing reduced intermixing. Details
of sample growth and thermal measurements are given in the
Supplemental Material [18].

Cross-plane thermal conductivities at room temperature,
measured with time-domain thermoreflectance [19–21] (de-
tails in the Supplemental Material) [18] are plotted versus
L in Fig. 2(c) and versus dSL in Fig. 2(d). For the three
different period thickness sample sets, the thermal conductivity
increases quasilinearly with L followed by a plateau for
thickness larger than ∼200 nm. A linear slope can indicate
ballistic phonon transport, or phonon flow without momen-
tum backscattering within the sample. In this case, phonon
scattering comes only from the boundaries of the sample.
A plateau indicates diffusive transport, or flow dictated by
phonon scattering within the sample. The dependence of κSL
on L for L < 200 nm demonstrates the existence of long-range
boundary scattering, or classical size effects [22], even in the
SLs with highest interface density (dSL = 2 nm). This is also
apparent by examining the trends in κSL versus dSL for the
thinnest samples (L ≈ 24 nm) in Fig. 2(d). For this sample
thickness, κSL becomes nearly independent of dSL, and is thus
limited by scattering at the sample boundary (L) and not the
period boundaries spaced by dSL. This is a clear indication of

quasiballistic transport. The transition from quasiballistic to
diffusive transport takes place when the effective mfp becomes
comparable to the total thickness and phonons diffusively
scatter within the SL instead of at the SL-substrate interface.
We note that these trends in κSL versus L are similar at
lower temperatures also, as shown in Fig. 2(e), suggesting that
the mechanisms of heat transfer are dictated by the sample
geometry even though the characteristic length and the mean
free path distribution of heat carriers are altered.

The ballistic-diffusive transition is also present in the
thermal conductivity data of thin film GaAs [Fig. 2(c)]. The
fact that this transition occurs at nearly the same thickness
of the SL films, for all values of dSL, and the same thickness
of the GaAs films suggests that boundary scattering of long
mfp (low frequency) phonons at the film/substrate interface is
limiting thermal transport in these structures [9]. The inclusion
of interfaces via SLs impedes short mfp phonons leading to a
reduction in the magnitude of thermal conductivity of SLs as
compared to thin film GaAs.

III. DISCUSSION AND MODELING: COHERENT VS.
INCOHERENT EFFECTS

Several works on thermal transport in SLs reported a
minimum in κSL as a function of dSL that denotes a crossover
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Supplemental Figure 3: Total SL resistance, R, as a function of total SL thickness, L, for the
d
SL

= 2, 12, and 24 nm period samples. We calculate R as R = L/, where  is the SL thermal
conductivity measured via TDTR.

of SLs.
The trend in Supplemental Fig. 2 suggests that this value is appreciably higher

than ⇠200 MW m�2 K�1. In the analysis of TDTR data of thick films, we use a
three layer model where the layers are: Aluminum coating, SL film or GaAs thin
film, and smoothing-substrate layer. For films with thicknesses less than 60 nm we
use a two-layer model and determine the e↵ective thermal conductivity of the SL or
GaAs film from the interface conductance. The best fit value from a two layer model
is then compared to the result from a three layer model. We found that the e↵ective
thermal conductivity from two-layer model agrees to within 15% with the result
from a three-layer model for the three di↵erent measurement frequencies. We report
the average of the results obtained via these two approaches. In the main document
Fig. 2C, we show trends in the thermal conductivity that demonstrate a transition
from ballistic to di↵usive behavior in the superlattices when the total thickness
of the superlattices decrease below ⇠200 nm, regardless of period thickness. As
an additional means of recognizing this ballistic-to-di↵usive cross over and further
supporting this conclusion, we plot the total thermal resistance, R = L/, of the
superlattice as a function of total superlattice thickness, L, shown in Supplemental
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Supplemental Figure 2: Derived thermal boundary conductance in the AlAs-GaAs SLs as a function
of period thickness.

this Supplemental Material), where the data start to level o↵ at the 12 nm period,
and thus one may expect that hK for a single AlAs-GaAs interface will be extremely
high. A value higher than 200 MW m�2 K�1 for the interface conductance between
the SL film (where the bottom layer of the SL film is AlAs, see Supplemental Fig. 1)
and the GaAs smoothing layer is enough to make the TDTR measurement com-
pletely insensitive to this parameter. Note, the increase in hK with the decrease
in dSL suggests that in shorter dSL, a larger portion of the phonon spectrum bal-
listically traverse the AlAs-GaAs samples scattering less frequently at the internal
interfaces defining the SL periodicity, as we have discussed previously. This result
has been shown in Si-Ge, AlN-GaN, as well as AlAs-GaAs SLs previously [4]. How-
ever, the large interface density in SLs with shorter dSL leads to a higher thermal
resistance that suppresses the thermal conductivity of the 2 nm period thickness
samples well below that of 12 and 24 nm samples. Even with the high values of hK

(1.7 - 4.1 GW m�2 K�1) the thermal conductivities of the SLs are significantly lower
than that of 0, demonstrating that although the trend in thermal conductivity is
dictated by long-range boundary scattering, scattering of short mfp phonons from
internal interfaces can significantly impact the magnitude of thermal conductivity

Long and short wavelength 
phonons “see” boundaries 
differently, based on length 

scale and wavelength 

Total resistance (related to 
temperature rise in device) 
can be controlled based on 

selection of L and dSL
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• The linear relationship between k vs. L
does not imply coherence in SLs?

• Can predict linear k vs. L in AGF 
simulations with and w/o phase 
destroying mixing at interfaces
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FIG. 2. (a), (b) STEM images on two of the AlAs-GaAs SL samples. (c) Cross-plane thermal conductivity measurements on three sets of
AlAs-GaAs SLs of 2, 12, and 24 nm period thicknesses and a set of thin film GaAs samples plotted versus thickness, L, at room temperature.
The lines connecting the various data sets are guides to the eye. The figure also shows good agreement between our measurement results on
samples with dSL = 24 nm and those by Luckyanova et al. [6]. The inset is a zoomed view of the data for samples with L < 136 nm plotted
on a linear-linear scale. The solid lines in the inset are linear fits to the plotted data points. (d) Selected data from (c) plotted versus period
thickness, dSL. Green left triangles represent κSL in the diffusive regime obtained by taking average values of thermal conductivities of films
with L > 216 nm for each data set dSL = 2, 12, and 24 nm and the two data points at L = 2,160 nm for dSL = 6 and 18 nm. The lines are
guides to the eye. (e) Thermal conductivity as a function of SL thickness, L, at three different temperatures (100 and 200 K compared to room
temperature). The trend at low temperatures is similar to that at room temperature suggesting that the mechanisms of heat transfer are dictated
by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are significantly altered.

general, an intermixing layer of the order of ∼1 nm is observed
with the initial few monolayers showing strong intermixing
and subsequent layers showing reduced intermixing. Details
of sample growth and thermal measurements are given in the
Supplemental Material [18].

Cross-plane thermal conductivities at room temperature,
measured with time-domain thermoreflectance [19–21] (de-
tails in the Supplemental Material) [18] are plotted versus
L in Fig. 2(c) and versus dSL in Fig. 2(d). For the three
different period thickness sample sets, the thermal conductivity
increases quasilinearly with L followed by a plateau for
thickness larger than ∼200 nm. A linear slope can indicate
ballistic phonon transport, or phonon flow without momen-
tum backscattering within the sample. In this case, phonon
scattering comes only from the boundaries of the sample.
A plateau indicates diffusive transport, or flow dictated by
phonon scattering within the sample. The dependence of κSL
on L for L < 200 nm demonstrates the existence of long-range
boundary scattering, or classical size effects [22], even in the
SLs with highest interface density (dSL = 2 nm). This is also
apparent by examining the trends in κSL versus dSL for the
thinnest samples (L ≈ 24 nm) in Fig. 2(d). For this sample
thickness, κSL becomes nearly independent of dSL, and is thus
limited by scattering at the sample boundary (L) and not the
period boundaries spaced by dSL. This is a clear indication of

quasiballistic transport. The transition from quasiballistic to
diffusive transport takes place when the effective mfp becomes
comparable to the total thickness and phonons diffusively
scatter within the SL instead of at the SL-substrate interface.
We note that these trends in κSL versus L are similar at
lower temperatures also, as shown in Fig. 2(e), suggesting that
the mechanisms of heat transfer are dictated by the sample
geometry even though the characteristic length and the mean
free path distribution of heat carriers are altered.

The ballistic-diffusive transition is also present in the
thermal conductivity data of thin film GaAs [Fig. 2(c)]. The
fact that this transition occurs at nearly the same thickness
of the SL films, for all values of dSL, and the same thickness
of the GaAs films suggests that boundary scattering of long
mfp (low frequency) phonons at the film/substrate interface is
limiting thermal transport in these structures [9]. The inclusion
of interfaces via SLs impedes short mfp phonons leading to a
reduction in the magnitude of thermal conductivity of SLs as
compared to thin film GaAs.

III. DISCUSSION AND MODELING: COHERENT VS.
INCOHERENT EFFECTS

Several works on thermal transport in SLs reported a
minimum in κSL as a function of dSL that denotes a crossover
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FIG. 2. (a), (b) STEM images on two of the AlAs-GaAs SL samples. (c) Cross-plane thermal conductivity measurements on three sets of
AlAs-GaAs SLs of 2, 12, and 24 nm period thicknesses and a set of thin film GaAs samples plotted versus thickness, L, at room temperature.
The lines connecting the various data sets are guides to the eye. The figure also shows good agreement between our measurement results on
samples with dSL = 24 nm and those by Luckyanova et al. [6]. The inset is a zoomed view of the data for samples with L < 136 nm plotted
on a linear-linear scale. The solid lines in the inset are linear fits to the plotted data points. (d) Selected data from (c) plotted versus period
thickness, dSL. Green left triangles represent κSL in the diffusive regime obtained by taking average values of thermal conductivities of films
with L > 216 nm for each data set dSL = 2, 12, and 24 nm and the two data points at L = 2,160 nm for dSL = 6 and 18 nm. The lines are
guides to the eye. (e) Thermal conductivity as a function of SL thickness, L, at three different temperatures (100 and 200 K compared to room
temperature). The trend at low temperatures is similar to that at room temperature suggesting that the mechanisms of heat transfer are dictated
by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are significantly altered.

general, an intermixing layer of the order of ∼1 nm is observed
with the initial few monolayers showing strong intermixing
and subsequent layers showing reduced intermixing. Details
of sample growth and thermal measurements are given in the
Supplemental Material [18].

Cross-plane thermal conductivities at room temperature,
measured with time-domain thermoreflectance [19–21] (de-
tails in the Supplemental Material) [18] are plotted versus
L in Fig. 2(c) and versus dSL in Fig. 2(d). For the three
different period thickness sample sets, the thermal conductivity
increases quasilinearly with L followed by a plateau for
thickness larger than ∼200 nm. A linear slope can indicate
ballistic phonon transport, or phonon flow without momen-
tum backscattering within the sample. In this case, phonon
scattering comes only from the boundaries of the sample.
A plateau indicates diffusive transport, or flow dictated by
phonon scattering within the sample. The dependence of κSL
on L for L < 200 nm demonstrates the existence of long-range
boundary scattering, or classical size effects [22], even in the
SLs with highest interface density (dSL = 2 nm). This is also
apparent by examining the trends in κSL versus dSL for the
thinnest samples (L ≈ 24 nm) in Fig. 2(d). For this sample
thickness, κSL becomes nearly independent of dSL, and is thus
limited by scattering at the sample boundary (L) and not the
period boundaries spaced by dSL. This is a clear indication of

quasiballistic transport. The transition from quasiballistic to
diffusive transport takes place when the effective mfp becomes
comparable to the total thickness and phonons diffusively
scatter within the SL instead of at the SL-substrate interface.
We note that these trends in κSL versus L are similar at
lower temperatures also, as shown in Fig. 2(e), suggesting that
the mechanisms of heat transfer are dictated by the sample
geometry even though the characteristic length and the mean
free path distribution of heat carriers are altered.

The ballistic-diffusive transition is also present in the
thermal conductivity data of thin film GaAs [Fig. 2(c)]. The
fact that this transition occurs at nearly the same thickness
of the SL films, for all values of dSL, and the same thickness
of the GaAs films suggests that boundary scattering of long
mfp (low frequency) phonons at the film/substrate interface is
limiting thermal transport in these structures [9]. The inclusion
of interfaces via SLs impedes short mfp phonons leading to a
reduction in the magnitude of thermal conductivity of SLs as
compared to thin film GaAs.

III. DISCUSSION AND MODELING: COHERENT VS.
INCOHERENT EFFECTS

Several works on thermal transport in SLs reported a
minimum in κSL as a function of dSL that denotes a crossover
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FIG. 3. (a) Conductance vs. number of periods for SL with atomically smooth “(S)” and mixed “(M)” interfaces. The decrease in conductance
of the SLs with interatomic mixing at the interfaces results from incoherent phonon transport. (b) MT per perpendicular unit cell for SL with
atomically smooth “(S)” and mixed “(M)” interfaces. The decrease in MT as the number of periods increases show the corresponding decrease
in transmission, which is a signal of incoherent phonon transport. For these calculations, the total sample thickness is set to 12 periods of
AlAs-GaAs for each sample regardless of the period. (c) Experimental data replotted as conductance vs. number of periods. The data show that
conductance is independent of period for short samples with long periods.

Our simulations of phonon transport in the SLs with mixing
at the interfaces suggest that the conductance depends on the
number of periods in the sample but not on the period itself,
as long as the period is larger than 4 nm (note, as previously
mentioned, our simulations do not account for phonon-phonon
interactions). Figure 3(b) shows that MT for SLs with period
thicknesses of 12 (6 nm AlAs-6 nm GaAs) and 24 nm (12 nm
AlAs-12 nm GaAs) are the same when the number of periods of
the samples are equal, which follows from the lack of scattering
in between interfaces in our simulations. Our experimental
data confirm this result for samples shorter than 100 nm as
the conductance of the 24 and 12 nm period samples follow
a single curve [Fig. 3(c)]; note, these experimental trends are
qualitatively well captured by our simulations with interatomic
mixing in Fig. 3(a). The dependency of the conductance only
on the number of periods for samples shorter than 100 nm
implies that conductance is not independent of length since
longer samples with more periods have less conductance
[Fig. 3(c)]. This also explains the experimentally observed
increase in the slope of κ versus L from the 12-nm period to
the 24-nm period sample. At a given length, the 24-nm period
samples have half the number of periods of the 12-nm period
sample. This translates to a larger MT , a larger conductance,
and thus a larger slope in κ .

It is interesting to note that the conductances of the 2-nm
period samples are higher than that of the 24 and 12 nm samples
[Figs. 3(a) and 3(c)]. We hypothesize that this increase is due
to a transition to alloy-like behavior in phonon transport for the
2-nm period SLs, which is supported due to the few monolayers
of compositional mixing that we observed in all of our samples
around the AlAs-GaAs interfaces. Our simulations suggest this
is not due to coherent miniband formation [5,7,39] since the
features of MT for the 2-nm period SLs with and without
interatomic mixing at the interfaces have different features
[Fig. 3(b)].

Our GF analysis suggests that a seemingly linear slope
in κ versus L may actually contain important contributions
from incoherent phonon transport. This linear slope in κ vs
L, which has been ascribed to coherent phonon transport [6],
may actually be nonlinear when extended to a larger number

of periods, which is a signature of incoherent effects. We show
these GF results in Fig. 4, where we plot the GF-simulated
thermal conductivity of various SLs (κSL,GF) with atomically
smooth “(S)” and mixed “(M)” interfaces as a function of
total SL thickness L. Note, this calculated value of κSL,GF
does not include phonon-phonon interactions. As shown in
Fig. 4, the trend in κSL,GF versus L for superlattices with
interatomic mixing at the interfaces could easily be interpreted
as linear when the number of period is small. Nevertheless,
the calculated transmission MT of these “mixed” SL show
a strong decay of the phonon transmission as the number of
periods increases, which suggests incoherent contributions to
phonon transport.
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FIG. 4. Thermal conductivity of AlAs-GaAs SLs calculated
via our Green’s function analysis (κSL,GF) vs. number of periods
for SLs with atomically smooth “(S)” and mixed “(M)” inter-
faces. For SLs with perfect interfaces, the slope is nearly inde-
pendent of the period. For SLs with mixed interfaces, the slope
seems linear in spite of incoherent phonon transport. We note that
this calculated value for κSL,GF does not include phonon-phonon
interactions.
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Fig. R1 (left) A schematic of the AlAs-GaAs SL structure measured using TDTR; (right) A 
schematic of the AlAs-GaAs SL structure simulated using Green’s functions. 

 

Supplemental Figure 1: A schematic showing the AlAs-GaAs SLs structure. For the 2 nm period
thickness set, a 5 nm GaAs cap layer was grown on top to prevent oxidation of Al inside AlAs
prior to coating the samples with aluminum. (right) A schematic of the AlAs-GaAs SL structure
simulated using Green’s functions.

of 25 and 10 µm, respectively. We monitor the ratio of in-phase to out-of-phase
components of the lock-in amplifier signal as a function of the time delay. The
lock-in amplifier signal is fit to a multilayer thermal model in which the thermal
conductivity of the SL film and the interface conductance between the aluminum
coating and film are the free parameters [1, 2, 3]. TDTR measurements were
done at 3 di↵erent modulation frequencies (3.5, 8.8 and 12.2 MHz) where at least
five measurements were conducted at each frequency. The average of all these
measurements is reported. The thermal conductivities of the GaAs substrate and
200 nm GaAs smoothing layer are measured separately from an identical GaAs
substrate and 200 nm GaAs film grown under the same conditions used for the SL
films.

The thermal interface conductance between the SL film or GaAs thin film and
the bu↵er-substrate layer is found to be high enough that we are completely in-
sensitive to it. This is justified by the values of hK shown in Supplemental Fig. 2
(derived from a series resistor model from the thermal conductivity data and num-
ber of interfaces per unit length of the SL; see Eq. 2 and discussion in Section 5 of



Can	this	be	extended	to	nanograined systems?

Chen et al, APL 111, 131902 (2017)

• Known: Long wavelength phonons may not “see” interfaces if 
interface density is high enough

• Predicted: Even at incoherent interfaces, long wavelength 
phonons can ballistic traverse interfaces

• Investigate at nanograined silicon germanium alloys
• Do long wavelength phonons see boundaries if L>>grain size?

(MC) simulations,34 which are supported by experimental
results.34,35 In addition, Ordonex-Miranda et al. showed that
the DEM model and the finite element method were consistent
with each other in their thermal conductivity study.36

Considering the results shown in Figs. 1(a) and 1(b)
together, the use of our modified DEM in our method for
phonon thermal conductivity predictions yields an easier,
more efficient, and more accurate way to calculate the lattice
thermal conductivity of both homo- and heterogeneous nano-
materials and nanocomposites as compared to previously
used approaches. Therefore, our proposed model can be used
to study phonon transport in nanocomposite systems going
beyond simple thermal conductivity predictions via calcula-
tions of phonon thermal conductivity accumulation as a
function of the mean free path.

In the remainder of this work, we extend the use of our
DEM approach to nanograined Si-Ge bulk systems. We fabri-
cate a silicon control sample and Si80Ge20 samples with vary-
ing grain sizes. Ingots of both compositions are prepared by
arc melting under an argon atmosphere. Ingots are pulverized
into 1–30 lm size powders. These micro powders are consoli-
dated using Spark Plasma Sintering (Thermal Technologies
SPS 10-4). To produce fully dense compacted disks with
relative large grain sizes, Si and Si80Ge20 samples are sintered
at 1280 !C and 1210 !C, respectively, for 4 min under 60 MPa.
As for the nanostructured systems Si80Ge20, micro-powders of
Si and Si80Ge20 are loaded into a 440C stainless steel vial and
two 0.500 and four 0.2500 stainless steel balls. This process is

performed in a glove box under an argon atmosphere. The vial
is then sealed and placed in a SPEX 8000D vibrational mixer.
The powders are ball milled for 40 h for the Si80Ge20 systems.
The ball milled powders are then compacted by SPS. We
determine the grain size of the disks by the cleaved cross sec-
tion analyzed under a SEM (Fig. 2). The grain sizes for the sili-
con control extend to as large as 30 lm, while the ranges of
grain sizes determined for the various Si80Ge20 samples are
listed in the caption of Fig. 2. We mechanically polish all sam-
ples after deposition to facilitate TDTR measurements, and the
resulting RMS roughnesses determined via mechanical profil-
ometry maps were 30 6 10 nm.

We conduct experimental measurements of the thermal
conductivity of these systems using TDTR with varying
pump modulation frequencies, which effectively varies the
heater length scale. This approach has been recently vetted
for studying accumulation effects on the thermal conductiv-
ity of alloys.37 The fabrication and characterization of the
various Si and Si80Ge20 samples and details of our TDTR
measurements, including the validity of the use of a diffusive
heat equation-based model for TDTR data analysis,37 are
included in the supplementary material.

We alter the modulation frequency of the pump beam dur-
ing our TDTR measurements from 1.49 MHz to 12.2 MHz.
The thermal penetration depth (Lz) was determined using the
solution to the radially symmetric heat diffusion equation
where the full spatial temperature profile was calculated.38 The
use of our relatively large pump and probe spot sizes allows
our TDTR measurements at the various frequencies to be
directly related to the thermal transport physics in the cross-
plane direction, therefore reducing measurement sensitivities
to in-plane non-diffusive thermal transport.37,39 Furthermore,
the use of Al as our thin film transducer will allow for direct
comparison of our measurements to previous reports of
Fourier failure in Si-Ge-based systems without the potential
for additional electron-phonon resistances in the metal film to
complicate our results and analyses.40

As discussed by several recent works,37,40–44 we relate
the changing thermal penetration depth with the varying fre-
quencies during TDTR experiments to changes in the net
heat flux. Thus, we modify our EMA modeling approach to
separate the thermal conductivity of the samples into a high
frequency mode component (diffusive) and a low frequency
mode component (quasi-ballistic). To determine the cut-off
MFP that separates these high and low frequency mode
regimes, a plausible way is to equate the MFP to the thermal
penetration depth, and then, this MFP is used to determine
the corresponding wavenumber q. As another approach, we
also use a compact heat conduction model based on the two-
fluid assumption (bridge function).44 In this model, we write
the net heat flux in the form of J ¼ jLF þ jHF, where jLF and
jHF are the low and high frequency mode contributions to the

FIG. 1. (a) Normalized thermal conductivity of silicon nanowires calculated
using the Holland model (solid black) and BvKS model (dashed, blue), both
of which were taken from the study by Yang and Dames,33 as compared to
our non-gray DEM (dotted red), and the experimental data from the study by
Li et al.32 (b) Lattice thermal conductivity jL of the Si/Ge nanocomposite
dependence on Si nanoparticles’s volume fraction at room temperature
(T¼ 300 K), with an average grain size d ¼ 10 nm. Non-gray DEM simula-
tion with the grain size dispersion-standard deviation of 0:577d (dotted, red)
is compared with Jeng’s MC simulation (black diamonds),34 gray EMA
(black solid), and non-gray EMA (blue dashed).

FIG. 2. SEM micrographs of Si80Ge20 systems: (a) Si80Ge20 2.0 6 0.17 lm,
(d) Si80Ge20 110 6 21 nm, and (e) Si80Ge20 73 6 29 nm.
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Why	Si-Ge	nanograined alloys?

Long wavelength phonons 
carry most of the heat

in bulk materials, suggesting that size effects more signifi-
cantly influence the transport in Si1!xGex films than does
alloying when 0:2< x< 0:8. This is further supported in
Fig. 3, where changes in thickness from 39 to 427 nm are
found to have a much greater effect on the thermal con-
ductivity than variations in Ge content. Last, this trend is
consistent with the previous computational work of Chen,
Zhang, and Li [19], where the thermal conductivities of
Stillinger-Weber–type Si1!xGex nanowires were relatively
insensitive to changes in composition for 0:2< x < 0:8.

To understand the degree to which the different scatter-
ing processes affect thermal conductivity, we analyze the
spectral contribution to thermal conductivity by calculat-
ing the integrand of Eq. (1). Figure 4 shows the spectral
thermal conductivity for the 427 and 39 nm films having a
Ge content of 20%. The spectral curve increases with
frequency reaching a peak at around 10 and 18 Trad s!1

for the 427 and 39 nm films, respectively, and decreases
thereafter. This demonstrates that low frequency (long
wavelength) phonons more significantly contribute to the
transport and thus the treatment of alloys as a dispersion-
less (i.e., Debye-like) system is valid. The inset reveals
that, in this low frequency regime, boundary scattering is
the dominant process, since the boundary scattering time
(!b) is shortest for the modes carrying the most heat. It is
only at high frequencies that alloy scattering is the limiting
mechanism. As a result, we conclude that the low thermal
conductivities of Si1!xGex alloy thin films arise primarily
due to the boundary scattering in the film rather than the
effects of the alloying in the material.

This interpretation is further demonstrated through an
examination of temperature dependence of the thermal con-
ductivity presented in Fig. 5. The 427 and 202 nm Si0:8Ge0:2
films exhibit reasonable agreement with our model over a
range of 141–300 K. We also plot temperature-dependent
thermal conductivity of a Si/Ge superlattice of 462 nm total
thickness from Ref [4]. Moreover, we plot our model assum-
ing the thickness and average composition of the superlat-
tice in Fig. 5. The agreement between the superlattice data,

our 427 nm Si0:8Ge0:2 film, and a Si0:5Ge0:5 alloy model of
the same superlattice total thickness (462 nm) further sug-
gests the existence of similar phonon scattering mechanisms
that contribute to the thermal conductivity based on the
overall sample size. In addition, we plot the thermal con-
ductivities of amorphous silicon [2], bulk Si0:8Ge0:2 alloy
[2], dilute alloys with 0.13%, 0.25%, and 1.0% Ge compo-
sitions [32], and bulk Si [33]. The thermal conductivities of
the Si1!xGex films and Si/Ge superlattice have similar
temperature trends to that of amorphous Si and the bulk
Si1!xGex alloy, indicating the strong effect of alloy scatter-
ing over this temperature range. The reduction of thermal
conductivity in the alloy film and superlattice compared to
the bulk alloy is attributed to the additional scattering
mechanisms of long wavelength phonons with the sample
boundaries, as discussed throughout this Letter. In this
regime, the thermal conductivity of bulk Si and dilute
SiGe alloys show a clear trend indicative of umklapp scat-
tering (" / 1=T). This umklapp behavior is absent in
nondilute alloyed systems. This further alludes to the fact
that alloy scattering is the dominant high frequency phonon
scattering mechanism over this temperature range, whereas
boundary scattering is affecting the low frequency phonons
in these nanosystems. This is further analyzed in our dis-
cussion and analysis pertaining to Fig. 4.
In conclusion, we have shown that the reductions in

thermal conductivity in silicon-germanium alloy thin films
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FIG. 4 (color online). Spectral thermal conductivity for the
427 and 39 nm Si0:8Ge0:2 films at room temperature. The inset
shows the alloy, umklapp, and the boundary scattering times
versus angular frequency for the 427 and 39 nm films.
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FIG. 5 (color online). Thermal conductivity of various SiGe
and Si systems. Symbols represent our data on 427 nm Si0:8Ge0:2
(up open triangles) and 202 nm Si0:8Ge0:2 (down open triangles),
Si=Ge SL of 14 nm period thickness and 462 nm total thickness
(filled circles) from Ref. [4], bulk Si0:8Ge0:2 (open squares) from
Ref. [2], amorphous Si (open pentagons) also from Ref. [2], and
dilute alloy films of 0.13% (right open triangles), 0.25% (open
stars), and 1% (left open triangles) Ge concentrations from
Ref. [32]. Lines correspond to predictions of the model presented
in Eq. (1) for 427 nm Si0:8Ge0:2 film (dashed line), 202 nm
Si0:8Ge0:2 (dash-dotted line), and 462 nm Si0:5Ge0:5 (solid line)
and bulk Si (dotted line) from Ref. [33].
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Si0.99Ge0.01 (Fig. 2a), making it difficult to explain the different
behaviours for LA(f) as only a length-scale effect. The most
significant difference between Si and Si0.99Ge0.01 is l(q) for q4q0
(Fig. 2c). Therefore, we suggest a second important factor in
observing a failure of Fourier theory in the through-plane
direction, aside from low-wavevector phonons with MFPs longer
than experimental length scales, is for high-wavevector phonons
to have a small thermal conductivity, L0 ¼

R qmax

q0
l qð Þdq, and

therefore small thermal diffusivity.
Prior experimental studies that observed a dependence of LA

on f emphasized the importance of temperature profile length
scales being comparable to MFPs1,6,24. As we demonstrate in
more detail in subsequent sections, another factor causing LA to
deviate from LB in the through-plane direction is interfacial-
phonon scattering. The interfacial-phonon scattering of long
MFP phonons reduces the effective thermal conductivity,
Kz(z)¼ |Jz(z)/rzT(z)|, of the sample near the interface,
analogous to how boundary scattering reduces L of
nanostructured materials2. (Here, we use a different symbol for
thermal conductivity, K instead of L, to distinguish this effective
property from the apparent values defined earlier.) The
dependence of LA on f is evidence that the interfacial thermal
resistance is not isolated to the interface at z¼ 0 as is assumed in
standard analysis of TDTR and FDTR experiments.

An equivalent way to consider the effect of the interface is as a
boundary condition on the heat current. The spectral distribution
of the heat current across the interface is proportional to v(q)c(q)
(ref. 17), while the spectral distribution of the heat current in the
solid is l(q). This creates a spatial mismatch in the spectral
distribution of the heat current, resulting in a nonequilibrium
between high- and low-wavevector phonons near z¼ 0. We label
this effect as an interfacial nonequilibrium thermal resistance,
GNE
$ 1. GNE

$ 1 quantifies the resistance between the high-wavevector
phonons that carry the heat across the interface and the
low-wavector phonons that carry the heat in the solid.

In this context, the thermal diffusivity of high-wavevector
phonons affects LA(f) two ways. A small value for L0 ¼R qmax

q0
l qð Þdq corresponds to a larger GNE

$ 1 (ref. 3). In addition, a
small thermal diffusivity increases the measurement sensitivity to
Kz near z ¼ 0, where the high- and low-wavevector phonons are
not in equilibrium. The dependence of LA on f occurs because the
sensitivity to GNE

$ 1, which is localized near z¼ 0, increases with
increasing f and shorter dp. The predictions of a ballistic/diffusive
model (described in Methods) that accounts for both shortened
length scales and interfacial-phonon scattering is in reasonable
agreement with our data (solid lines in Fig. 3a). In our ballistic/
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Figure 2 | Thermal property spectra. Relaxation time approximation model
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temperature (Supplementary Equation 2). (a) Thermal conductivity
accumulation functions, a. First-principles results from ref. 27 and ref. 28 for
Si are included for comparison (green dashed and solid lines). (b) Spectral
distribution of the heat capacity. (c) Spectral distribution of the thermal
conductivity.
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Si0.99Ge0.01 (Fig. 2a), making it difficult to explain the different
behaviours for LA(f) as only a length-scale effect. The most
significant difference between Si and Si0.99Ge0.01 is l(q) for q4q0
(Fig. 2c). Therefore, we suggest a second important factor in
observing a failure of Fourier theory in the through-plane
direction, aside from low-wavevector phonons with MFPs longer
than experimental length scales, is for high-wavevector phonons
to have a small thermal conductivity, L0 ¼

R qmax

q0
l qð Þdq, and

therefore small thermal diffusivity.
Prior experimental studies that observed a dependence of LA

on f emphasized the importance of temperature profile length
scales being comparable to MFPs1,6,24. As we demonstrate in
more detail in subsequent sections, another factor causing LA to
deviate from LB in the through-plane direction is interfacial-
phonon scattering. The interfacial-phonon scattering of long
MFP phonons reduces the effective thermal conductivity,
Kz(z)¼ |Jz(z)/rzT(z)|, of the sample near the interface,
analogous to how boundary scattering reduces L of
nanostructured materials2. (Here, we use a different symbol for
thermal conductivity, K instead of L, to distinguish this effective
property from the apparent values defined earlier.) The
dependence of LA on f is evidence that the interfacial thermal
resistance is not isolated to the interface at z¼ 0 as is assumed in
standard analysis of TDTR and FDTR experiments.

An equivalent way to consider the effect of the interface is as a
boundary condition on the heat current. The spectral distribution
of the heat current across the interface is proportional to v(q)c(q)
(ref. 17), while the spectral distribution of the heat current in the
solid is l(q). This creates a spatial mismatch in the spectral
distribution of the heat current, resulting in a nonequilibrium
between high- and low-wavevector phonons near z¼ 0. We label
this effect as an interfacial nonequilibrium thermal resistance,
GNE
$ 1. GNE

$ 1 quantifies the resistance between the high-wavevector
phonons that carry the heat across the interface and the
low-wavector phonons that carry the heat in the solid.

In this context, the thermal diffusivity of high-wavevector
phonons affects LA(f) two ways. A small value for L0 ¼R qmax

q0
l qð Þdq corresponds to a larger GNE

$ 1 (ref. 3). In addition, a
small thermal diffusivity increases the measurement sensitivity to
Kz near z ¼ 0, where the high- and low-wavevector phonons are
not in equilibrium. The dependence of LA on f occurs because the
sensitivity to GNE

$ 1, which is localized near z¼ 0, increases with
increasing f and shorter dp. The predictions of a ballistic/diffusive
model (described in Methods) that accounts for both shortened
length scales and interfacial-phonon scattering is in reasonable
agreement with our data (solid lines in Fig. 3a). In our ballistic/
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predictions for the thermal properties of Si, Si0.99Ge0.01 and Si:B at room
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distribution of the heat capacity. (c) Spectral distribution of the thermal
conductivity.
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values (dashed lines). Solid lines are the predictions of a ballistic/diffusive
model for thermal transport.
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cannot be fitted by a single value of the thermal effusivity.
When a thermal conductivity of !=3 W m−1 K−1 is chosen
to fit the data for Vout /"Vin in the high-frequency limit, the
data at low f fall below the predictions of the thermal model
by a factor of !0.7 implying that thermal conductivity is a
factor of !2 larger at lower f .

We analyze the data quantitatively by fitting the calcula-
tions of a diffusive model to our measurements. Since we do
not expect that the thermal conductance of the interface be-
tween the Al film and the samples depends on heating fre-
quency, we fix the thermal conductance and vary the thermal
conductivity of the samples as the only free parameter. Typi-
cal examples of this fitting procedure are shown in Fig. 1. We
summarize the thermal conductivity ! measured in this way
as a function of the modulation frequency f in Fig. 3. As
already indicated by the data shown in Fig. 2, the thermal
conductivity for all materials we have studied except thick
layers of semiconductor alloys is constant throughout the
frequency range, 0.1# f #10 MHz. For InGaP, InGaAs, and
SiGe, however, ! increases monotonically as the frequency
decreases from 10 to 0.6 MHz and remains approximately
constant for frequency less than 0.6 MHz. The thermal con-
ductivity of InGaAs measured at low frequencies
"!6.2 W m−1 K−1# is comparable to the thermal conductivity
of a 1600 nm InGaAs thin film "!5.5 W m−1 K−1# measured
using the 3$ method5 and thermal conductivity of a bulk
sample "!6.4 W m−1 K−1# derived from a thermal diffusivity
measurement.20 We note that an early study reported thermal
conductivity of bulk InGaAs as !4.8 W m−1 K−1 measured
by steady-state heating.21

We have also measured the thermal conductivity of sev-
eral samples of InGaP and InGaAs where the thickness h of
epitaxial alloy layers are much thinner than the h=2010 nm
InGaP and h=3330 nm InGaAs layers discussed above. Data
for thinner layers are compared to the frequency dependence
of thick layers in Fig. 4. To create a common x axis for this
plot, we convert the modulation frequency to a thermal pen-

etration depth d, defined as the depth from the sample sur-
face where the temperature is e−1 of surface temperature, d
=$! /%Cf . The dependence of ! on h and d is remarkably
similar, see Fig. 4.

To gain qualitative insight into the mechanisms that un-
derlie our experimental findings, we construct a simple iso-
tropic continuum model describing lattice thermal conductiv-
ity, following the work of Morelli et al.22 In this model, the
phonon dispersion is isotropic and linear. We treat the longi-
tudinal and transverse modes separately, and as explained in
Ref. 22, we set the cutoff frequencies by the acoustic phonon
frequencies at the zone boundary14 to take into account only
acoustic phonons up to the maximum frequencies at zone
boundary. The speed of sound and cutoff frequencies used in
the model are derived from the phonon dispersion in the
%100& direction. We assume the Grüneisen constants, &L and
&T, to be 1.0 and 0.7 for all crystals and alloys, and obtain
the longitudinal and transverse phonon velocities, vL and vT
of the crystals from Refs. 14, and use the average values for
the alloys. As we have done previously,23 we deviate from
the approach of Ref. 22 and substitute a high temperature
form for the N-process relaxation rate 'N

−1=BN$2T. We fix
the relative anharmonic scattering strengths of umklapp and
normal processes, BU and BN, by Eqs. 11"b#, 12"b#, and "25#
of Ref. 22, and obtain absolute values of the anharmonic
scattering strengths from fits to the thermal conductivities14

of the crystals and virtual crystals "for alloys#. This analysis
yields BU

L =1.7 for GaAs, 1.0 for InP, 2.1 for InGaAs, and 0.8
for InGaP, in units of 10−19 s K−1. We calculate the strength
of Rayleigh scattering in InGaP and InGaAs alloys using the
dimensionless parameter (, see Eq. "16# of Ref. 22, that
describes the strength of phonon scattering by mass disorder.
We do not consider Rayleigh scattering by the differences in
atomic size or bond strength because these contributions to (
are not well known and, in any case, should oppose each
other so that the total correction to ( is relatively small.23 We

FIG. 3. Room temperature thermal conductivity of single crys-
tals of Si, InP, and GaAs; a 1 )m thick layer of amorphous SiO2;
and epitaxial layers of semiconductor alloys as a function of the
modulation frequency used in the measurement. Data for 2010 nm
thick InGaP, 3330 nm thick InGaAs, and 6000 nm thick Si0.4Ge0.6
are shown as open circles, filled circles, and open triangles,
respectively.

FIG. 4. Comparison of the frequency and thickness dependences
of the room temperature thermal conductivity of III-V semiconduc-
tor alloys. Data for 2010 nm InGaP "triangles# and 3330 nm
InGaAs "circles# acquired at different frequencies "open symbols#
are plotted as a function of penetration depth, d=$! /%Cf , where !
is thermal conductivity of thick layers at low frequency, C is the
heat capacity per unit volume, and f is the modulation frequency.
Also included are data for epitaxial layers of different thicknesses
measured at low f with d*h "filled symbols# plotted as a function
of the layer thickness h. The dashed line is the calculated thermal
conductivity using the isotropic continuum model described in the
text for InGaAs that limits the mean free path of the phonons to the
layer thickness.
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Experimental determination of the mean free paths and thermal conduction mechanisms in nanosystems subjected to external stimuli

Experiment 
“sees” this 

Experiment 
does not 

“see” this 

High 
frequency 

Medium 
frequency 

Low 
frequency 

Figure 1: Illustration of proposed experiments. The modulation frequency of the laser dictates the thermal penetration
depth of the wave in the sample. At high enough modulation frequencies, the thermal penetration depth can be less
than the mean free paths of the thermal carriers. This results in a frequency dependence in the measured thermal
conductivity, which is directly related to the mean free path distribution in the solid.

The limitations in metrology also prevent the experimental study of a new direction for thermal transport.
Most approaches to manipulating the thermal properties of materials rely on introducing interfaces or bound-
aries to affect the carrier scattering rates. However, the thermal mean free paths, in addition to the distribu-
tion of occupied carriers (Dn in Eq. 1), can be strongly manipulated by external stimuli. For example, DC
fields can be used to create drifted distributions of electrons while causing Joule heating via electron-phonon
scattering events,45 short pulsed excitations have led to demagnetization of spin,46 and ferroelectric domain
boundaries, which we have recently shown scatter phonons and affect thermal conductivity,47 can be highly
mobile under certain field densities.48 Therefore, a greater understanding of how the distribution of
thermal carrier mean free paths interact with external fields and interfaces will lead to a new regime
of thermophysics that is rooted in actively modulating the thermal properties of materials based on
the carrier-field interactions.

In this proposed Early Career Research Program, we will develop an experimental metrology to probe
the thermal conductivity accumulation of carriers at length scales 500% smaller than current state
of the art. With the experimental metrologies developed in this work, along with our existing ther-
morefelctance capabilities, we will measure the thermal accumulation in a wide array nanosystems.
We will further the basic knowledge of electron, phonon, and magnon transport in materials, provid-
ing experimental evidence to elucidate the fundamental mechanisms involved with ballistic transport
of electrons, coherent transport of phonons, interface effects on carrier transport, and how external
fields affect these carrier scattering mechanisms.

The overarching goal of this proposed DOE Early Career Research Program is to develop the experimen-
tal capability to measure the thermal conductivity accumulation, mean free path distributions and thermal
processes in solids and solid nanosystems with better resolution than the current state of the art. We will
then use this new experimental metrology to gain insight into the mean free paths of carriers and thermal
conductivity of materials while subjected to external stimuli and perturbations. Our proposed technique will
use continuous wave lasers to measure the thermoreflectance of various systems in the frequency domain
(frequency domain thermoreflectance, or FDTR). The thermal “control volume” in FDTR experiments is
inversely related to the square root of the modulation frequency; therefore, a modulated heating event at
frequency f in FDTR will only sample a control volume related to 1/

p
f . Unlike traditional implemen-

tations of FDTR at high frequencies which are limited by frequency limitations of lock-in amplifiers and
modulators,32,49 we will improve on higher frequency detection with a vector network analyzer (VNA) to
improve the resolution of the FDTR signal more than an order of magnitude greater than the current state of
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heat flux. This approach is detailed in the supplementary
material. We find that for these alloys, both approaches yield
similar results due to the alloy transport being dominated by
the near-zone center modes.

We now use our approach to analyze the TDTR data
taken on the Si80Ge20 systems, comprised of samples with
average grain sizes of 2 lm, 110 nm, and 73 nm. For all nano-
grained samples, we observe the frequency dependence in the
measured thermal conductivity, as shown in Fig. 3, implying
that as our measurement depth is increased, the thermal con-
ductivity is also increased. Note that these data show similar
trends to the previously reported frequency dependent TDTR
data on SiGe alloys.37,45,46 We attribute this effect to the
accumulation of the lattice thermal conductivity as we probe
into the length scales that capture the heat carrying mean free
paths in this system. Based on previous works, this frequency
dependent trend might suggest that phonons with mean free
paths greater than the thermal penetration depth carry sub-
stantial amounts of heat in these systems, and our measure-
ments are related to an accumulation of phonon mean free
paths.37,40–44 This, however, is counter-intuitive to tradition-
ally implemented phonon transport dynamics that assume
phonons with mean free paths greater than the grain size will
scatter and thus not contribute to thermal conductivity (as
predicted via the traditionally assumed FBL model).

The traditionally implemented assumptions in the FBL
model force all phonons to scatter at a length scale defined
by the grain boundary. Thus, regardless of the assumption of
what phonons are considered quasi-ballistic and diffusive
(i.e., hard cutoff or bridge function to separate these two
regimes), the FBL always predicts a leveling off of the accu-
mulative thermal conductivity at much shorter length scales
than that observed in the experimental data (Fig. 3), since by
definition, it restricts the propagation of long wavelength
phonons. The use of the bridge function and implementation
of the two-fluid assumption in the modeling of the accumula-
tion of thermal conductivity yields predicted trends, in good
agreement with our measured frequency dependent thermal
conductivity data. For the three different grain sizes, our
DEM approach exhibits improved agreement with the exper-
imental data over the varying thermal penetration depths as
compared to the other models (FBL and SBL). Thus, the
spectral contribution to thermal conductivity in the nano-
grained Si80Ge20 samples cannot be predicted from tradition-
ally assumed boundary scattering models (e.g., FBL, which
will truncate phonon transport at a limiting length scale,
such as a grain boundary). Phonon scattering cross sections,

such as those calculated when applying the SBL and DEM,
must be accounted for to properly model this phenomenon.

The FBL fails to account for the long wavelength phonon
transport, as it assumes that these phonons will scatter with the
grain boundaries. This discrepancy is most pronounced for the
110 and 73 nm samples. While long wavelength-dominated
phonon transport is well known in crystalline alloys (due to
high frequency phonon-mass impurity scattering),47–50 the role
of grain boundaries and their interplay among long wavelength
phonon transport and phonon-mass impurity scattering has
been less-frequently explored. Our results suggest that creating
nanograins in crystalline alloys may not have as pronounced as
an effect on lowering thermal conductivity as predicted by tra-
ditional boundary scattering theories, such as those assumed in
the FBL. Since the majority of the thermal transport in crystal-
line alloys is driven by the long wavelength, large wave vector
phonons (cf. Fig. 3), the scattering cross section of nanograins
could be too small to create a significant impact on the major-
ity of the heat carrying phonons, which is demonstrated by the
modest frequency dependence in the 110 and 73 nm alloys as
compared to the 2 lm sample.

In summary, we present a modeling approach that uti-
lizes a frequency-dependent effective medium method to cal-
culate the lattice thermal conductivity of nanostructured
solids. This allows for the study of spectral phonon scattering
and spectral contributions to thermal conductivity in nano-
structured solids. Through thermal conductivity accumula-
tion calculations with our modified effective medium model,
we show that phonons with wavelengths much greater than
the average grain size will not be impacted by grain bound-
ary scattering, counter to the traditionally assumed notion
that grain boundaries in solids will act as diffusive interfaces
that will limit long wavelength phonon transport.

See supplementary material for more details on the fol-
lowing: S1, Details of the “Fixed Boundary Length” (FBL)
and “Spectral Boundary Length” (SBL) models, assump-
tions, and calculations; S2, TDTR Measurements; S3,
Validity of the use of a diffusive heat equation-based model
when analyzing TDTR data; S4, The cut-off mean free path
vs thermal penetration depth determined by the bridge func-
tion and hard cutoff approaches; S5, Details of spectral ther-
mal conductivity calculations using the DEM approach for
nanograined Si80Ge20 systems.

This material is based upon work supported by the Air
Force Office of Scientific Research under Award No.
FA9550-15-1-0079.

FIG. 3. Modeled (lines) and measured (points) accumulated thermal conductivity vs. thermal penetration depth for Si80Ge20 samples with average grain sizes
of (a) 2 lm, (b) 110 nm, and (3) 73 nm. Note, we define the TDTR penetration depth as 2Lz, as we discuss in the supplementary material.
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Models
• FBL: all phonons scatter at boundary
• SBL: phonons with wavelengths >> grain size do not scatter 

at boundary (consider scattering cross sections)
• DEM: SBL + differential effective medium 
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Supplemental Figure 3: Total SL resistance, R, as a function of total SL thickness, L, for the
d
SL

= 2, 12, and 24 nm period samples. We calculate R as R = L/, where  is the SL thermal
conductivity measured via TDTR.

of SLs.
The trend in Supplemental Fig. 2 suggests that this value is appreciably higher

than ⇠200 MW m�2 K�1. In the analysis of TDTR data of thick films, we use a
three layer model where the layers are: Aluminum coating, SL film or GaAs thin
film, and smoothing-substrate layer. For films with thicknesses less than 60 nm we
use a two-layer model and determine the e↵ective thermal conductivity of the SL or
GaAs film from the interface conductance. The best fit value from a two layer model
is then compared to the result from a three layer model. We found that the e↵ective
thermal conductivity from two-layer model agrees to within 15% with the result
from a three-layer model for the three di↵erent measurement frequencies. We report
the average of the results obtained via these two approaches. In the main document
Fig. 2C, we show trends in the thermal conductivity that demonstrate a transition
from ballistic to di↵usive behavior in the superlattices when the total thickness
of the superlattices decrease below ⇠200 nm, regardless of period thickness. As
an additional means of recognizing this ballistic-to-di↵usive cross over and further
supporting this conclusion, we plot the total thermal resistance, R = L/, of the
superlattice as a function of total superlattice thickness, L, shown in Supplemental
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FIG. 2. (a), (b) STEM images on two of the AlAs-GaAs SL samples. (c) Cross-plane thermal conductivity measurements on three sets of
AlAs-GaAs SLs of 2, 12, and 24 nm period thicknesses and a set of thin film GaAs samples plotted versus SL thickness, L, at room temperature.
The lines connecting the various data sets are guides to the eye. The figure also shows good agreement between our measurement results on
samples with dSL = 24 nm and those by Luckyanova et al. [6]. The inset is a zoomed view of the data for samples with L < 136 nm plotted
on a linear-linear scale. The solid lines in the inset are linear fits to the plotted data points. (d) Selected data from (c) plotted versus period
thickness, dSL. Green left triangles represent κSL in the diffusive regime obtained by taking average values of thermal conductivities of films
with L > 216 nm for each data set dSL = 2, 12, and 24 nm and the two data points at L = 2,160 nm for dSL = 6 and 18 nm. The lines are
guides to the eye. (e) Thermal conductivity as a function of SL thickness, L, at three different temperatures (100 and 200 K compared to room
temperature). The trend at low temperatures is similar to that at room temperature suggesting that the mechanisms of heat transfer are dictated
by the sample geometry even though the characteristic length and the mean free path distribution of heat carriers are significantly altered.
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(MC) simulations,34 which are supported by experimental
results.34,35 In addition, Ordonex-Miranda et al. showed that
the DEM model and the finite element method were consistent
with each other in their thermal conductivity study.36

Considering the results shown in Figs. 1(a) and 1(b)
together, the use of our modified DEM in our method for
phonon thermal conductivity predictions yields an easier,
more efficient, and more accurate way to calculate the lattice
thermal conductivity of both homo- and heterogeneous nano-
materials and nanocomposites as compared to previously
used approaches. Therefore, our proposed model can be used
to study phonon transport in nanocomposite systems going
beyond simple thermal conductivity predictions via calcula-
tions of phonon thermal conductivity accumulation as a
function of the mean free path.

In the remainder of this work, we extend the use of our
DEM approach to nanograined Si-Ge bulk systems. We fabri-
cate a silicon control sample and Si80Ge20 samples with vary-
ing grain sizes. Ingots of both compositions are prepared by
arc melting under an argon atmosphere. Ingots are pulverized
into 1–30 lm size powders. These micro powders are consoli-
dated using Spark Plasma Sintering (Thermal Technologies
SPS 10-4). To produce fully dense compacted disks with
relative large grain sizes, Si and Si80Ge20 samples are sintered
at 1280 !C and 1210 !C, respectively, for 4 min under 60 MPa.
As for the nanostructured systems Si80Ge20, micro-powders of
Si and Si80Ge20 are loaded into a 440C stainless steel vial and
two 0.500 and four 0.2500 stainless steel balls. This process is

performed in a glove box under an argon atmosphere. The vial
is then sealed and placed in a SPEX 8000D vibrational mixer.
The powders are ball milled for 40 h for the Si80Ge20 systems.
The ball milled powders are then compacted by SPS. We
determine the grain size of the disks by the cleaved cross sec-
tion analyzed under a SEM (Fig. 2). The grain sizes for the sili-
con control extend to as large as 30 lm, while the ranges of
grain sizes determined for the various Si80Ge20 samples are
listed in the caption of Fig. 2. We mechanically polish all sam-
ples after deposition to facilitate TDTR measurements, and the
resulting RMS roughnesses determined via mechanical profil-
ometry maps were 30 6 10 nm.

We conduct experimental measurements of the thermal
conductivity of these systems using TDTR with varying
pump modulation frequencies, which effectively varies the
heater length scale. This approach has been recently vetted
for studying accumulation effects on the thermal conductiv-
ity of alloys.37 The fabrication and characterization of the
various Si and Si80Ge20 samples and details of our TDTR
measurements, including the validity of the use of a diffusive
heat equation-based model for TDTR data analysis,37 are
included in the supplementary material.

We alter the modulation frequency of the pump beam dur-
ing our TDTR measurements from 1.49 MHz to 12.2 MHz.
The thermal penetration depth (Lz) was determined using the
solution to the radially symmetric heat diffusion equation
where the full spatial temperature profile was calculated.38 The
use of our relatively large pump and probe spot sizes allows
our TDTR measurements at the various frequencies to be
directly related to the thermal transport physics in the cross-
plane direction, therefore reducing measurement sensitivities
to in-plane non-diffusive thermal transport.37,39 Furthermore,
the use of Al as our thin film transducer will allow for direct
comparison of our measurements to previous reports of
Fourier failure in Si-Ge-based systems without the potential
for additional electron-phonon resistances in the metal film to
complicate our results and analyses.40

As discussed by several recent works,37,40–44 we relate
the changing thermal penetration depth with the varying fre-
quencies during TDTR experiments to changes in the net
heat flux. Thus, we modify our EMA modeling approach to
separate the thermal conductivity of the samples into a high
frequency mode component (diffusive) and a low frequency
mode component (quasi-ballistic). To determine the cut-off
MFP that separates these high and low frequency mode
regimes, a plausible way is to equate the MFP to the thermal
penetration depth, and then, this MFP is used to determine
the corresponding wavenumber q. As another approach, we
also use a compact heat conduction model based on the two-
fluid assumption (bridge function).44 In this model, we write
the net heat flux in the form of J ¼ jLF þ jHF, where jLF and
jHF are the low and high frequency mode contributions to the

FIG. 1. (a) Normalized thermal conductivity of silicon nanowires calculated
using the Holland model (solid black) and BvKS model (dashed, blue), both
of which were taken from the study by Yang and Dames,33 as compared to
our non-gray DEM (dotted red), and the experimental data from the study by
Li et al.32 (b) Lattice thermal conductivity jL of the Si/Ge nanocomposite
dependence on Si nanoparticles’s volume fraction at room temperature
(T¼ 300 K), with an average grain size d ¼ 10 nm. Non-gray DEM simula-
tion with the grain size dispersion-standard deviation of 0:577d (dotted, red)
is compared with Jeng’s MC simulation (black diamonds),34 gray EMA
(black solid), and non-gray EMA (blue dashed).

FIG. 2. SEM micrographs of Si80Ge20 systems: (a) Si80Ge20 2.0 6 0.17 lm,
(d) Si80Ge20 110 6 21 nm, and (e) Si80Ge20 73 6 29 nm.
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heat flux. This approach is detailed in the supplementary
material. We find that for these alloys, both approaches yield
similar results due to the alloy transport being dominated by
the near-zone center modes.

We now use our approach to analyze the TDTR data
taken on the Si80Ge20 systems, comprised of samples with
average grain sizes of 2 lm, 110 nm, and 73 nm. For all nano-
grained samples, we observe the frequency dependence in the
measured thermal conductivity, as shown in Fig. 3, implying
that as our measurement depth is increased, the thermal con-
ductivity is also increased. Note that these data show similar
trends to the previously reported frequency dependent TDTR
data on SiGe alloys.37,45,46 We attribute this effect to the
accumulation of the lattice thermal conductivity as we probe
into the length scales that capture the heat carrying mean free
paths in this system. Based on previous works, this frequency
dependent trend might suggest that phonons with mean free
paths greater than the thermal penetration depth carry sub-
stantial amounts of heat in these systems, and our measure-
ments are related to an accumulation of phonon mean free
paths.37,40–44 This, however, is counter-intuitive to tradition-
ally implemented phonon transport dynamics that assume
phonons with mean free paths greater than the grain size will
scatter and thus not contribute to thermal conductivity (as
predicted via the traditionally assumed FBL model).

The traditionally implemented assumptions in the FBL
model force all phonons to scatter at a length scale defined
by the grain boundary. Thus, regardless of the assumption of
what phonons are considered quasi-ballistic and diffusive
(i.e., hard cutoff or bridge function to separate these two
regimes), the FBL always predicts a leveling off of the accu-
mulative thermal conductivity at much shorter length scales
than that observed in the experimental data (Fig. 3), since by
definition, it restricts the propagation of long wavelength
phonons. The use of the bridge function and implementation
of the two-fluid assumption in the modeling of the accumula-
tion of thermal conductivity yields predicted trends, in good
agreement with our measured frequency dependent thermal
conductivity data. For the three different grain sizes, our
DEM approach exhibits improved agreement with the exper-
imental data over the varying thermal penetration depths as
compared to the other models (FBL and SBL). Thus, the
spectral contribution to thermal conductivity in the nano-
grained Si80Ge20 samples cannot be predicted from tradition-
ally assumed boundary scattering models (e.g., FBL, which
will truncate phonon transport at a limiting length scale,
such as a grain boundary). Phonon scattering cross sections,

such as those calculated when applying the SBL and DEM,
must be accounted for to properly model this phenomenon.

The FBL fails to account for the long wavelength phonon
transport, as it assumes that these phonons will scatter with the
grain boundaries. This discrepancy is most pronounced for the
110 and 73 nm samples. While long wavelength-dominated
phonon transport is well known in crystalline alloys (due to
high frequency phonon-mass impurity scattering),47–50 the role
of grain boundaries and their interplay among long wavelength
phonon transport and phonon-mass impurity scattering has
been less-frequently explored. Our results suggest that creating
nanograins in crystalline alloys may not have as pronounced as
an effect on lowering thermal conductivity as predicted by tra-
ditional boundary scattering theories, such as those assumed in
the FBL. Since the majority of the thermal transport in crystal-
line alloys is driven by the long wavelength, large wave vector
phonons (cf. Fig. 3), the scattering cross section of nanograins
could be too small to create a significant impact on the major-
ity of the heat carrying phonons, which is demonstrated by the
modest frequency dependence in the 110 and 73 nm alloys as
compared to the 2 lm sample.

In summary, we present a modeling approach that uti-
lizes a frequency-dependent effective medium method to cal-
culate the lattice thermal conductivity of nanostructured
solids. This allows for the study of spectral phonon scattering
and spectral contributions to thermal conductivity in nano-
structured solids. Through thermal conductivity accumula-
tion calculations with our modified effective medium model,
we show that phonons with wavelengths much greater than
the average grain size will not be impacted by grain bound-
ary scattering, counter to the traditionally assumed notion
that grain boundaries in solids will act as diffusive interfaces
that will limit long wavelength phonon transport.

See supplementary material for more details on the fol-
lowing: S1, Details of the “Fixed Boundary Length” (FBL)
and “Spectral Boundary Length” (SBL) models, assump-
tions, and calculations; S2, TDTR Measurements; S3,
Validity of the use of a diffusive heat equation-based model
when analyzing TDTR data; S4, The cut-off mean free path
vs thermal penetration depth determined by the bridge func-
tion and hard cutoff approaches; S5, Details of spectral ther-
mal conductivity calculations using the DEM approach for
nanograined Si80Ge20 systems.

This material is based upon work supported by the Air
Force Office of Scientific Research under Award No.
FA9550-15-1-0079.

FIG. 3. Modeled (lines) and measured (points) accumulated thermal conductivity vs. thermal penetration depth for Si80Ge20 samples with average grain sizes
of (a) 2 lm, (b) 110 nm, and (3) 73 nm. Note, we define the TDTR penetration depth as 2Lz, as we discuss in the supplementary material.
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Interplay between total thickness and period thickness in the phonon thermal conductivity of
superlattices from the nanoscale to the microscale: Coherent versus incoherent phonon transport
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We report on the room temperature thermal conductivity of AlAs-GaAs superlattices (SLs), in which we
systematically vary the period thickness and total thickness between 2–24 nm and 20.1–2,160 nm, respectively.
The thermal conductivity increases with the SL thickness and plateaus at a thickness around 200 nm, showing a
clear transition from a quasiballistic to a diffusive phonon transport regime. These results demonstrate the existence
of classical size effects in SLs, even at the highest interface density samples. We use harmonic atomistic Green’s
function calculations to capture incoherence in phonon transport by averaging the calculated transmission over
several purely coherent simulations of independent SL with different random mixing at the AlAs-GaAs interfaces.
These simulations demonstrate the significant contribution of incoherent phonon transport through the decrease
in the transmission and conductance in the SLs as the number of interfaces increases. In spite of this conductance
decrease, our simulations show a quasilinear increase in thermal conductivity with the superlattice thickness. This
suggests that the observation of a quasilinear increase in thermal conductivity can have important contributions
from incoherent phonon transport. Furthermore, this seemingly linear slope in thermal conductivity versus SL
thickness data may actually be nonlinear when extended to a larger number of periods, which is a signature of
incoherent effects. Indeed, this trend for superlattices with interatomic mixing at the interfaces could easily be
interpreted as linear when the number of periods is small. Our results reveal that the change in thermal conductivity
with period thickness is dominated by incoherent (particlelike) phonons, whose properties are not dictated by
changes in the AlAs or GaAs phonon dispersion relations. This work demonstrates the importance of studying
both period and sample thickness dependencies of thermal conductivity to understand the relative contributions
of coherent and incoherent phonon transport in the thermal conductivity in SLs.

DOI: 10.1103/PhysRevB.97.085306

I. INTRODUCTION

Superlattices represent a group of metamaterials that have
attracted considerable attention over the past few decades
due to their promise as material solutions in thermoelectric
devices [1,2] and applications in quantum cascade [3] and
vertical cavity surface emitting lasers [4]. In addition to the vast
application space of superlattices (SLs), these nanostructures
provide a means to test for the existence of coherent phonons, or
when the phase difference between two spatiotemporal points
of a vibrational wave remain constant [5–8]. For SLs, two
length scales affect thermal transport: long-range and short-
range boundary scattering. Long-range boundary scattering
occurs when phonons with mean free paths (mfp) of the order
of the superlattice thickness L scatter at the sample boundary.
Short-range boundary scattering takes place when phonons
with mfps of the order of the superlattice period thickness
dSL scatter at the internal interfaces. The interplay between
phonon scattering at period boundaries and sample boundaries

*Corresponding author: phopkins@virginia.edu

is not fully understood [9], partially due to discrepancies in the
literature data on thermal conductivity of SLs (κSL).

To illustrate this problem, we motivate with two material
system SL examples: aluminum arsenide-gallium arsenide
(AlAs-GaAs) and silicon-germanium (Si-Ge) SLs, both of
which have been extensively studied [6,10–16]. Figure 1
summarizes the literature thermal conductivity data on various
AlAs-GaAs and Si-Ge superlattice systems plotted versus dSL
in Figs. 1(a) and 1(c) and versus L in Figs. 1(b) and 1(d).
For AlAs-GaAs SLs, Luckyanova et al. [6] reported a linear
increase in κSL as a function of L. However, the study limited
the total thickness to a maximum of 216 nm and the period
thickness to 24 nm, and thus could not study the effects of
smaller dSL and larger L on phonon transport. Capinski et al.
[10] studied AlAs-GaAs SLs where the period thickness and
total thickness varied simultaneously. In contrast to Luck-
yanova’s data, their data did not show any clear trend with
L. For Si-Ge SLs, a more pronounced discrepancy can be
observed. While Borca-Tasciuc et al. [12] reported a decrease
in thermal conductivity with period thickness, Chakraborty
et al. [13] reported a minimum in κSL at dSL = 7 nm. The
samples in these two studies had similar values of dSL and

2469-9950/2018/97(8)/085306(7) 085306-1 ©2018 American Physical Society

Ballistic transport of long wavelength phonons and thermal conductivity
accumulation in nanograined silicon-germanium alloys

Long Chen,1 Jeffrey L. Braun,2 Brian F. Donovan,2,a) Patrick E. Hopkins,1,2,3,b)

and S. Joseph Poon1,c)

1Department of Physics, University of Virginia, Charlottesville, Virginia 22904-4714, USA
2Department of Mechanical & Aerospace Engineering, University of Virginia, Charlottesville,
Virginia 22904-4746, USA
3Department of Materials Science and Engineering, University of Virginia, Charlottesville,
Virginia 22904-4745, USA

(Received 7 June 2017; accepted 9 September 2017; published online 27 September 2017)

Computationally efficient modeling of the thermal conductivity of materials is crucial to thorough
experimental planning and theoretical understanding of thermal properties. We present a modeling
approach in this work that utilizes a frequency-dependent effective medium theory to calculate the
lattice thermal conductivity of nanostructured solids. This method accurately predicts a significant
reduction in the experimentally measured thermal conductivity of nanostructured Si80Ge20 systems
reported in this work, along with previously reported thermal conductivities in nanowires and nano-
particles in matrix materials. We use our model to gain insights into the role of long wavelength
phonons on the thermal conductivity of nanograined silicon-germanium alloys. Through thermal
conductivity accumulation calculations with our modified effective medium model, we show that
phonons with wavelengths much greater than the average grain size will not be impacted by grain
boundary scattering, counter to the traditionally assumed notion that grain boundaries in solids will
act as diffusive interfaces that will limit long wavelength phonon transport. This is further sup-
ported by using time-domain thermoreflectance at different pump modulation frequencies to mea-
sure the thermal conductivity of a series nanograined silicon-germanium alloys. Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4986884]

The conflict between growing demands for energy and
limited non-renewable energy sources has attracted great
interest over the past few decades, which has spurred a mul-
titude of researchers to explore clean and renewable energy.
Thermoelectric (TE) materials, which can generate electric-
ity from waste heat, could play an important role in a global
sustainable energy solution. The performance of a thermo-
electric material is evaluated by a dimensionless figure of
merit ZT, which is equal to S2rT=j; where S is the Seebeck
coefficient, r is the electrical conductivity, and j is the
thermal conductivity. Among the TE materials, silicon-
germanium structures continue to be the main focus of
tremendous investment due to their widespread integration
in TE power generation, optoelectronic devices, and high-
mobility transistors. In these materials, it has been shown
that the thermal conductivity, j, can be decreased while pre-
serving the electronic power factor, and thus, the figure of
merit ZT is increased at much lower cost.1

To simulate the lattice thermal conductivity of materials
and nanosystems, several approaches have been advanced in
the literature, including the Callaway-based model2,3 derived
from the Boltzmann Transport Equation (BTE),4–8 Monte
Carlo simulations with varying phonon frequency dependen-
ces,9 and various methods to calculate the phonon mean free
path (MFP) distributions, including analytical models,10–12

numerical results from molecular dynamics (MD)

simulations,13–17 and first-principles calculations based on the
density functional theory.18–23 Notably, Minnich and Chen
used an Effective Medium Approach (EMA) to predict the
thermal conductivity of heterogeneous nanostructures and
modified the phonon mean free paths in both matrix materials
and nanoparticles.24 This modification came from assuming
phonon single particle scattering of embedded nanoinclusions
and incorporating a thermal boundary resistance at the nanoin-
clusion/matrix interface. However, this method is only applica-
ble in small volume fractions of embedded particles since it is
based on the first-order T-matrix approximation.

In this current work, we revisit the use of the MFP spec-
trum in nanocomposites and upgrade the effective medium
approach25,26 to include a phonon wavelength dependence
(i.e., non-gray approach) in deriving the expressions for the
lattice thermal conductivity of a bulk system; we then extend
this derivation to their fully nanostructured states. We use our
model to gain insights into the role of long wavelength pho-
nons on the thermal conductivity of nanograined silicon-
germanium alloys via time domain thermoreflectance (TDTR)
measurements of the frequency dependence in thermal con-
ductivity.27,28 Through thermal conductivity accumulation
calculations with our modified effective medium model, we
show that phonons with wavelengths much greater than the
average grain size will not be impacted by grain boundary
scattering, counter to the traditionally assumed notion that
grain boundaries in solids will act as diffusive interfaces that
will limit long wavelength phonon transport.

To develop our model, we start with the phonon
Boltzmann transport equation:
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