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The b-FeSi2/Si semiconducting nanocomposite is a promising thermoelectric system with eco-friendly
materials. We show that small quantities of Ge can enhance the thermoelectric properties and widen
the design space, if Ge content and spatial disposition can be controlled. We investigated the use of
solidiﬁcation combined with solid-state transformations to reduce the thermal conductivity via hierarchical modiﬁcation of microstructure. Solidiﬁcation of Fe28Si68Ge4 alloys leads to eutectic lamellar
microstructure comprised of hyperstoichiometric a-FeSi2þd phase and diamond cubic Si1-xGex. The
eutectic lengthscales can be varied over two orders of magnitude depending on solidiﬁcation rate.
Subsequent aging of the eutectic produces eutectoid decomposition, a-FeSi2 / b-FeSi2 þ Si1-yGey, where
the additional diamond cubic product is interleaved with the eutectic lamellae. By controlling both the
frequency of b-FeSi2/diamond cubic heterointerfaces, as well as the degree of Ge segregation into the
eutectoid microconstituent, the thermal conductivity of the composite was varied from 22.8 W m1 K1
down to 8.3 W m1 K1. We analyze the thermal conductivity in terms of a series thermal resistance
model, including thermal boundary conductances at the heterointerfaces, and show that the thermal
boundary conductance is reduced by at least an order of magnitude when the diamond cubic microconstituent is enriched from 0 to 30 at% Ge. Avenues for additional microstructural improvements towards thermoelectric applications are discussed.
© 2017 Elsevier B.V. All rights reserved.
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1. Introduction
Current means of energy production are highly inefﬁcient and
the majority of the energy produced is released into the environment as waste heat [1]. Recapturing even a trivial percentage of this
waste heat would equate to a signiﬁcant amount of energy annually. Thermoelectrics are solid state materials capable of converting
a thermal gradient into an electrical current. A material's thermoelectric efﬁciency is quantiﬁed by a dimensionless ﬁgure of merit,
zT ¼ S2sT/k, where S is the Seebeck coefﬁcient, s is the electrical
conductivity, S2s is the power factor, k is the thermal conductivity,
and T is the temperature. Optimizing these parameters is nontrivial,
as they are intricately interconnected. While modern thermoelectric materials have advanced zT in recent decades by exploiting
complex crystal structures, nanoinclusions, and small grain sizes
[2], current materials remain costly and inefﬁcient, and thermoelectrics are still largely used only in niche applications.
This paper will investigate a potential approach to improve the
thermoelectric properties of the b-FeSi2 system. This is motivated
by the inexpensive, abundant, and non-toxic constituents
providing the potential for an economical, and eco-friendly, thermoelectric materials system for harvesting waste heat. b-FeSi2 is
one of the few semiconducting transition metal silicides
(Egap ¼ 0.78 eV) [3], with a complex Cmca crystal structure that
contributes to a naturally high Seebeck coefﬁcient and low thermal
conductivity [4]. It is oxidation resistant to 900 K and has a high
operational temperature that makes it ideal for hot environments.
However, the thermoelectric performance is limited by the poor
electrical conductivity [5]. Together these properties contribute to
only a modest zT, with the highest reported value being zT ¼ 0.4 at
700 K for Co-doped b-FeSi2 [6]. In the binary Fe-Si system, the
metallic a-FeSi2þd (d z 0.3) phase is stable at high temperatures,
but decomposes through a eutectoid isotherm at 937  C to stoichiometric b-FeSi2 and diamond cubic (DC) Si [7].
Zhao et al. [8] suggested that hierarchical control and optimization across multiple lengthscales could signiﬁcantly improve zT.
Here we will show that the Fe-Si-Ge ternary system provides opportunities for creating hierarchical structures by exploiting a
strategy combining both liquid and solid state processing. Eutectic
solidiﬁcation leads to lamellar microstructure, L / a-FeSi2þd þ Si1xGex. Subsequent eutectoid decomposition, a-FeSi2þd / bFeSi2 þ Si1-yGey, results in a second level of structural inhomogeneity, interleaved within the eutectic lamellae. Length
scales of the eutectic microconstituents are controlled by the solidiﬁcation rate, while length scales of the eutectoid are dictated by
the aging temperature and time. Inherently, there is a third structural length scale, which is the grain size, or more accurately, the
pearlitic colony size. Just as importantly, the segregation of the
overall Ge into the different microconstituents plays a major role in
determining thermal conductivity, and likely the electrical conductivity of the system as well.
Eutectoid decomposition of the binary Fe-Si system (a-FeSi2þd
/ b-FeSi2 þ Si) has already been explored as a way to enhance
thermoelectric performance. Kinetics of the eutectoid decomposition have been established via time-temperature-transformation
(TTT) diagrams for undoped and lightly doped systems [9] [10]
[11], and it has been shown that increased volume fraction of Si [12]
and ﬁner eutectoid lengthscales [13] [14] [15] appreciably improve
thermoelectric performance. Our previous work [15] showed that
nanostructuring of the eutectoid DC microconstituent was achieved
by annealing at large undercooling, thereby increasing the b/Si
interface density. This effectively reduces thermal conductivity of
the nanocomposite, although the effects of two-phase decomposition on the power factor are still unknown. A new strategy that
could signiﬁcantly improve the performance of these materials is to

create ternary Fe-Si-Ge alloys. Alloying Fe-Si with Ge provides an
additional degree of freedom to enhance thermoelectric properties.
Ge alloying can reduce thermal conductivity via both alloy scattering of phonons [16] and, as will be shown in this work, through
modiﬁcation of the thermal boundary conductance of the heterointerfaces [17] [18] [19] [20] [21]. Ge additions to the DC phase will
also reduce the bandgap [22], thereby reducing band offsets with
the b phase. Mohebali et al. showed that spark plasma sintering Pdoped SiGe with Co-doped b-FeSi2 yields a sharp increase in power
factor and k. When compared to the control sample, the Ge additions increased zT by nearly 2 with a ﬁnal value of 0.54 [23].
However, in their work, the nature of the resulting microstructure
and its connection to the thermoelectric properties was not
reported.
This paper discusses the hierarchical microstructures produced
through process control of eutectic and eutectoid transformations
and their effect on thermal conductivity. Different from the sintering approach of Mohebali et al. [23], we explore the effects of
casting ternary Fe-Si-Ge alloys. In particular, we examine the
microconstituent lengthscales and compositions resulting from arc
melting, which produces relatively low solidiﬁcation rates, and
melt-spinning, which produces much higher solidiﬁcation rates.
We will show that the disposition of the Ge in the eutectic and
eutectoid microconstituents is strongly affected by the casting
conditions. Thermal conductivity was measured for the various
samples and the interface thermal boundary conductance was
determined as a function of Ge content in the eutectoid microconstituent, Si1-zGez. We show that carefully controlling solidiﬁcation rate and eutectoid decomposition of the ternary alloy leads
to microstructural and compositional control over the thermal
conductivity. In particular, we show that the Ge content in the
diamond cubic phase can greatly reduce the b/DC thermal boundary conductance.
2. Materials and methods
Bulk samples were prepared via arc-melting from a charge
composed of Fe (99.99%), Si (99.999þ%), and Ge (99.999%) in a
thoroughly evacuated chamber backﬁlled with ~500 Torr argon
atmosphere. The arc was initially struck on a Ti getter to minimize
oxygen contamination. A ~50 g charge was melted consecutively
via a high-current arc on different sides to ensure homogeneity. The
melt was then allowed to cool slowly (cooling rate of order 102  C/
sec) to room temperature on a water chilled Cu crucible. In order to
evaluate the effects of cooling rate on microstructure, half of this
boule was sectioned off for melt-spinning. Remelting was performed in the same chamber under the same initial conditions, but
where the Cu crucible was ﬁtted with a 2 mm diameter boron
nitride aperture leading to a rotating copper plate. Capillary forces
contain the melt in place, sealing the aperture and effectively
dividing the chamber in two. Argon gas was backﬁlled into the
upper chamber until a pressure differential of about 380 Torr was
reached, forcing the melt through the aperture onto the Cu plate,
rotating at 1200 rpm, and the solidiﬁed ribbon was thrown into a
collection arm. Bulk compositional analysis was performed on the
slow-cool sample by Inductively Coupled Plasma e Optical Emission Spectroscopy (ICP-OES). Roughly 40 mg of the slow-cool
sample was digested in a 3:2 solution of HNO3 and HF, and was
analyzed three times in order to determine error. The bulk
composition was found to be Fe28Si68Ge4. The Ge content was not
explicitly varied here, although this is of interest for future work.
Here, our emphasis is on controlling and determining how Ge
partitions throughout the microstructure as a function of process
variations.
Samples were subjected to isothermal aging to foster eutectoid
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decomposition. Each sample was encapsulated in a fused quartz
ampoule that was evacuated to 5 mTorr and backﬁlled with Ar. This
was cycled three times, with the second to last including a slight
heating of the quartz tube, in order to remove any residual water
vapor. The ﬁnal Ar backﬁll was to a pressure of ~180 Torr. The
ampoules were aged in a tube furnace and then quenched to room
temperature in water. The ribbons were fragile and required careful
mounting in conducting epoxy and polishing for microstructural
characterization.
Prior to scanning electron microscopy (SEM), all samples were
polished to mirror ﬁnish with 0.05 mm diamond spray. Over the
course of polishing ~1-2 mm of material was removed from the
bulk samples and ~10-20 mm for the ribbons. SEM was performed in
a FEI Quanta 650 operated at 10 KV, primarily in backscatter
detection mode (BSE) for enhanced compositional contrast. Select
samples were further examined using electron backscatter
diffraction (EBSD) to obtain b þ Si colony size and crystallographic
orientation. To remove surface deformation prior to EBSD scans,
these samples were ﬁnished with a vibratory polish with 0.05 mm
colloidal silica. EDS was used for areal chemical analysis of microconstituents from high resolution compositional maps. Chemical
composition of a single phase was determined by areal sampling
and averaging; these measurements were then averaged with
measurements from the same phase in different areas of the same
sample. This provides a much broader dataset than would be achieved by point analysis, and is more indicative of the actual
composition. SEM images were also used to determine the length
scales of microconstitutents and the interface density by the
method of linear intercepts. Representative micrographs from each
sample were typically analyzed with 45 lines, so that the size and
spacing for each microconstituent was averaged over multiple
measurements. Lengthscale analysis was performed in ImageJ.
Powder X-ray diffraction (XRD) samples were prepared via
grinding with a mortar and pestle. The powder from several ribbons weighs less than a milligram, so procuring large amounts of
powder is infeasible. The powder from several ribbons was
collected on one side of a clean strip of double sided tape and was
carefully ﬁxed to a quartz zero diffraction plate. XRD data was obtained from a PANalytical X'Pert Pro MPD for phase identiﬁcation
and Rietveld reﬁnement. High-resolution data was obtained by
scanning from 15 - 80 2q for 10 h to ensure a broad spectrum with
high signal to noise ratio. Rietveld reﬁnement is a technique that
utilizes the least squares method to ﬁt a theoretical XRD spectrum
to a measured one.
Transmission Kikuchi diffraction (TKD) [24] was used to determine the composition and orientation of microconstituent phases,
but at lengthscales much ﬁner than possible through SEM-EDS. A
sufﬁciently large aged ribbon was ﬁxed onto a Cu specimen mount
with a 2 mm aperture, and ion milled (Gatan, Precision Ion Polishing System) for ~3 h with guns at 10 (top) and 5 (bottom). After
a hole pierced the sample, the angles were reduced to 5 and 2
respectively, and the sample was milled for another hour. The stage
was cooled with liquid nitrogen to suppress beam-induced phase
transformations.
Thermal conductivity was measured via time domain thermoreﬂectance (TDTR) [25] [26] [27] at room temperature. TDTR is
an optical pump-probe measurement technique that utilizes a train
of ultra-fast laser pulses to induce a modulated heating event and
measure the temperature dependent change in reﬂectance of the
sample surface between pulses. The heat capacity of the two-phase
material was determined by a weighted sum of b-FeSi2 [28] and Si
[29], according to their volume fractions. The heat capacities of Si
and Ge are nearly equivalent, so the Si value was used for thermal
conductivity calculations for all Si1-xGex. The small spot size and
shallow penetration depth of the incident beam make it an ideal
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technique for thermal conductivity measurements of challenging
samples, such as epoxy mounted ribbons, where the beam can be
positioned to avoid fractures in the slow-cool sample, which would
otherwise bias the measured thermal conductivity.
3. Results and discussion
We will refer to samples produced from direct arc melting as
“slow-cool” and those produced from melt-spinning as “rapidcool”. The mean cooling rate of the melt-spun material is estimated
as 106  C/s, vs. 102  C/s from the arc melt.
As-cast, the slow-cool sample exhibits eutectic microstructure
with an a-FeSi2þx matrix containing DC SiGe lamellae (Fig. 1a).
Close examination of the lamellae show that copious amounts of
ε-FeSi are entrained within them (Fig. 1b). Fractures are present
throughout the sample, but the interlamellar regions are typically
free of cracks. Fracture is likely caused by large thermal gradient
stresses generated during cooling of the boule. The relatively slow
cooling rate promoted growth of coarse eutectic microstructures:
DC lamellae with thicknesses of 44 ± 11 mm and interlamellar
spacing of 131 ± 44 mm, based on linear intercept analysis. This
results in an effective density of DC/a-FeSi2þx interfaces of 0.01
interfaces/mm. The low interface density, presence of metallic
ε-FeSi, and cracks are deleterious to the thermoelectric properties.
The 50 mm thick, melt-spun ribbons, although brittle, do not
exhibit cracking. Formation of the ε phase was suppressed, only
appearing in low amounts on the ribbon surface. The melt-spun
sample increased the solidiﬁcation rate four orders of magnitude
vis-ΰ-vis the slow-cooled sample. As can be seen in Fig. 1 c, the
faster rate signiﬁcantly reduced the eutectic lengthscale: the
average lamella thickness was 129 ± 60 nm with an interlamellar
spacing of 1.5 ± 0.5 mm. As a result, the DC/a interface density
increased ﬁfty-fold, to 0.54 interfaces/mm. Both the rapid-cool and
slow-cool samples were analyzed with EBSD and it was determined
that the SiGe lamellae grow along the (001) habit plane of tetragonal a-FeSi2þx; however, we have not identiﬁed any speciﬁc inplane orientation relation between the DC and a phases.
Subsequent isothermal aging caused eutectoid decomposition
of the a phase into pearlitic colonies of b þ Si. This decomposition
appears to proceed similarly to that observed in the Fe-Si binary
system, resulting in eutectoid lamellae having similar dimensions
and morphologies for similar aging conditions. The eutectoid Si
initially forms as lamellae, but then evolves into nanowires with
continued heat treatment. The slow-cool (Fig. 2a) and the rapidcool (Fig. 2b) samples were aged at 567  C for 120 h (slowcool þ 567  C/120 h) and 56 h (rapid-cool þ 567  C/56 h) respectively, to fully decomposed the a phase into pearlitic b þ Si. This
results in a local interface density of ~11.0 b/DC interfaces/mm for
each sample. At these aging temperatures the eutectic lamellae do
not signiﬁcantly coarsen or evolve.
For the slow-cool sample, the coarse eutectic structures do not
constrain pearlitic colony size, and they only provide a negligible
area for heterogeneous nucleation sites; hence a longer time is
required to obtain compete transformation. While the average
colony diameter was not measured for the slow-cooled sample, we
assume that the value is similar to a binary (Fe-Si) sample aged at
567  C for 56 h (slow-cool þ 567  C/56 h), with an average diameter
of 16.0 ± 15.3 mm [15]. However, the melt-spun samples have
signiﬁcantly higher nucleation rate for pearlitic colonies, where the
ﬁne eutectic lamellae provide facile and abundant nucleation sites.
When aging is initiated below the eutectoid isotherm in this sample, Si locally diffuses to epitaxially grow on the eutectic lamellae,
which leaves Si-depleted regions adjacent to the eutectic lamellae.
These regions have a higher chemical driving force for b nucleation,
which initiates cooperative lamellar growth [30]. As a result, the
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Fig. 1. a Optical micrograph of the coarse, slow-cool eutectic microstructure, and b a
BSE-SEM micrographs of a single Si1-xGex lamella with entrained ε-FeSi. c) BSE-SEM
micrograph showing the rapid-cool eutectic microstructure. In all three images, the
darkest phase is a-FeSi2þx while the lightest phase is DC.

eutectoid transformation reaches near complete decomposition at
567  C for 56 h, without requiring a Cu accelerant [31]. The mean
pearlitic colony size is only 800 ± 490 nm, due to both the higher
nucleation density and to steric restrictions on growth due to the
ﬁne eutectic lamellae. EBSD maps and the resultant colony diameter distributions can be found in the Supplementary Information.
An additional melt-spun ribbon was aged at 900  C for 9 days
(rapid-cool þ 900  C/216 h) to produce a coarsened, spheroidized
microstructure (Fig. 2c) with the microconstituents ostensibly at
their equilibrium compositions. For temperatures above ~700  C
[15] the eutectoid interlamellar spacing exceeds the eutectic
interlamellar spacing; hence the Si and Ge atoms released by

Fig. 2. BSE-SEM micrographs of b þ DC pearlitic colonies in the interlamellar regions
of samples aged at 567  C: a slow-cool and b rapid-cool samples. c Rapid-cool sample
aged at 900  C with homogeneous dispersion of spheroidized particles.

eutectoid decomposition diffuse directly into the pre-existing
eutectic lamellae. Simultaneously, the lamellae also break up into
quasi-equiaxed particles. The DC particles have average
1.0 ± 0.9 mm diameter and are spaced 2.4 ± 1.7 mm apart.
The disposition of Ge through the hierarchical eutectic/eutectoid decomposition process is of great interest as the interplay
between phases and their composition is important for thermal
and electronic transport. When the solidiﬁcation front velocity is
comparable to solute diffusion, as it is for rapid solidiﬁcation, solute
uptake into the solid can exceed equilibrium concentrations [32]
[33]. Melt-spinning not only reduces eutectic length scales, but also
changes the composition of the microconstituents, as shown in
Table 1. EDS-SEM shows that the composition of the as-cast slow-
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cool a phase was on average Fe24.6Si73.8Ge1.6. The Ge content of the
rapid-cool ribbon nearly doubled to Fe24.8Si72.2Ge3.0. Aging the
ribbon above 1000  C (which is above the eutectoid isotherm)
caused the a composition to evolve to ~1.6 at% Ge; the combined
results suggest that the solid solubility limit of Ge in the aephase is
1.6 at% near 1000  C. The composition of the a phase is important
because the amount of Ge present governs the Ge content of the
eutectoid DC lamellae after decomposition. Chemical analysis of the
b phase (only) was performed by transmission EDS on the rapidcool þ 567  C/56 h sample, this technique produces ﬁner resolution
composition maps than are otherwise possible with standard SEMEDS. Fig. 3 illustrates the disposition of Ge after the eutectoid
decomposition. The majority of the Ge entrained in the a phase was
ejected along with Si into the eutectoid nanowires, leaving the
composition of the b phase as Fe35.0Si64.4G0.6. EDS was performed
on the b phase of the rapid-cool þ 900  C/216 h sample, and
composition was determined to be Fe34.7Si64.8Ge0.6. Both of these
values agree with other measurements of Ge solid solubility in b
[34].
Local chemical analysis of individual DC eutectoid lamella by EDS
is nontrivial, owing to their small length scales and the enveloping
b matrix, which invariably contributes a Si signal that confounds
the measurement. Instead, we performed Rietveld reﬁnement of
high resolution XRD data to calculate the distinct lattice parameters
from the eutectoid and eutectic microconstituents. Since the Si1xGex lattice parameter is composition dependent [35], DC composition can be readily extracted from this data. A representative XRD
spectrum for the aged samples can be found in the Supplementary
Information. Rietveld reﬁnement of these spectra shows that the
specimens aged at 567  C entrain a signiﬁcant fraction of the total
Ge present within the eutectoid lamellae, increasing from 6 at% Ge
in the slow-cool þ 567  C/120 h sample to about 18 at% for the
rapid-cool þ 567  C/56 h sample. The reduced Ge content in the
eutectoid DC in the slow-cool þ 567  C/120 h sample is consistent
with the lower Ge content in the as-cast a phase of this specimen.
As seen in Fig. 4, melt-spinning is effective at increasing the Ge
content in both the eutectic and eutectoid lamellae. These values
are signiﬁcant. It has been shown that as little as 10% Ge in Si that
reduces the thermal conductivity by an order of magnitude via
alloy scattering of phonons [17] [36] [18]. At the same time, the
bandgap is reduced by about 100 meV [37], and more closely aligns
with the 0.78 bandgap of b [3]. The DC phase in the rapid-cool þ
900  C/216 h sample had a composition of Si71Ge29, which is close
to the equilibrium composition seen in the as-cast slow-cool
sample. In order to convert DC lattice parameter to Ge concentration, experimentally measured data [35] for Si1-xGex lattice parameters were used. By performing XRD scans and reﬁnement on
different samples of the same processed material, it was determined that the measurement variance is ±1.5 at% Ge and ±2.5% for
the volume fractions of the phases. We can compare Rietveld
reﬁnement with EDS areal measurements of the composition of the
eutectic DC lamellae, which are large enough that EDS measurements are not signiﬁcantly affected by spurious signals from the
surrounding silicide. As measured by Rietveld reﬁnement, the
compositions of the eutectic lamellae were found to be Si67Ge33 for
slow-cool and Si36Ge64 for rapid-cool, while by EDS they were

Table 1
Composition of microconstituents for slow-cool and rapid-cool samples.
Phase

Slow-Cool

Rapid-Cool

a-FeSi2þx
b-FeSi2

Fe24.6Si73.8Ge1.6
e
Si63Ge37
Si94Ge6

Fe24.8Si72.2Ge3.0
Fe35.0Si64.4Ge0.6
Si36Ge64
Si82Ge18

Eutectic Lamella
Eutectoid Lamella
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Fig. 3. Transmission EDS composition map illustrating large amounts of Ge segregation into eutectoid nanowires. The overlay in the center shows the transmission
micrograph of the same area.

Fig. 4. Diagram depicting the lattice parameters and composition of DC phases
determined by Rietveld reﬁnement.

determined to be Si70Ge30 and Si28Ge72, respectively. EDS and
Rietveld reﬁnement values for composition of the eutectic lamella
do not agree perfectly due to systematic error of both techniques,
but indicate signiﬁcant Ge uptake by the eutectoid lamellae,
especially at high cooling rates.
Room temperature characterization of thermal conductivity by
TDTR was performed for each of the three aged samples: slowcool þ 567  C/120 h, rapid-cool þ 567  C/56 h, and rapid-cool þ
900  C/216 h, each having a DC microconstituent with at% Ge of 6,
18 and 31 respectively. The data for the binary Fe-Si samples obtained earlier are also shown. Fig. 5a depicts the four samples
plotted according to their thermal conductivity vs. the b/DC heterointerface density in the eutectoid structure only. Discussion of
how the interface density is obtained and the role of the eutectic
lamellae can be found later. The samples aged at 567  C, which are
circled in the ﬁgure, have similar length scales for the Si1-yGey
eutectoid nanowires in the b matrix, irrespective of the different
Si1-xGex eutectic lamellae arising from the casting conditions.
Despite the similar lengthscales, the thermal conductivity of the
eutectoid microstructure decreases by almost 2, associated with
the increasing at% Ge in the DC phase. The phonon scattering efﬁciency of Ge-rich DC inclusions is further demonstrated by examining the rapid-cool þ 900  C/216 h sample: despite having an
order of magnitude lower density of heterointerfaces, the thermal
conductivity is approximately the same as the rapid-cool þ 567  C/
56 h sample, 8.9 ± 0.6 and 8.3 ± 0.7 W m1 K1, respectively. This
reduction cannot be fully attributed to enhanced alloy scattering
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[38], and will be discussed later. In order to understand these effects, we analyze the role of the Ge content on the thermal
boundary conductance (TBC) associated with the eutectoid b-FeSi2/
Si1-zGez heterointerfaces.
We consider two general methods that can be employed to
account for the effects of interfacial phonon scattering on the
thermal conductivity. The ﬁrst is rooted in the Callaway model for
thermal conductivity [39], which is a modiﬁed Debye model [40]
[41] that speciﬁcally considers how phonon transport depends on
the size of a structure, such as the diameter of free-standing SiGe
nanowires relative to the phonon mean free path (MFP), along with
the MFP of other phonon scattering events. When the phonon bulk
MFB is longer than nanowire diameter, low frequency phonons are
additionally scattered by the boundary and become a signiﬁcant
factor in thermal conductivity of SiGe nanowires [42] [17]. This
lowers the SiGe nanowire thermal conductivity below the alloy
limit [38]. We also note this approach has been well studied for
polycrystalline/nano-grained materials [43] [44] [18] [45], and has
demonstrated reasonable agreement in describing reductions in

thermal conductivity due to grain boundaries in a chemically homogeneous material [46] [47].
However, the application of this phonon-interface scattering
rate approach towards predicting heterogeneous composites,
including those that contain internal interfaces that separate heterogeneous materials, or even different phases of the same material, is questionable. This, in part, is due to the ﬁnite temperature
drop that can exist across an interface or interfacial region that
separates two different materials. This temperature drop, which is
quantitatively related to the TBC across the interface [48], is driven
by the differing phonon energies, group velocities, and dispersions
in the different materials, along with localized defects and impurities [49] [50].
Thus, a conceptually simpler model to account for additional
phonon thermal resistances due to the presence of internal interfaces directly considers this boundary as an additional resistance
[50]. Here, we will use this TBC-based thermal conductivity
approach to analyze the phonon thermal transport in our samples;
thus, in this context, we examine how TBC varies with Ge content in
the diamond cubic phase, yielding insight into the role of alloy
composition on TBC. This alloy composition effect on TBC has only
been observed previously for interfaces in metallic alloys [51]. In
metallic systems, thermal transport is dominated by electrons, and
thus, electron effects (such as electron-phonon coupling in interfacial regions) may not be easily dismissed [52] [53] [54] [55].
Therefore, our present analysis on alloy composition on non-metal/
non-metal interfaces offers more direct unique insight into the role
of alloy composition on phonon-dominated TBC.
Assuming that scattering events in the bulk of each phase and at
the interfaces are independent, our systems can be modeled as a
thermal circuit with series resistances (via Matthiessen's rule),
given by

1

kT

Fig. 5. a Thermal conductivity plotted as a function of mean interface spacing. The
symbols circled in red were aged at 567  C and are similar in terms of microstructure. b
The thermal conductivity as a function of DC phase composition. The open symbols are
values predicted by Mattheissen's rule by only accounting for bulk scattering. The solid
symbols are the measured values. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the Web version of this article.)

¼
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þ
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þ
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þ

1

lb=DC hk;b=DC

(1)

where the f's and k0 s are the volume fractions and thermal conductivities for the b and DC (Si1-yGey) phases, respectively. The lb/DC
are the mean distances between interfaces (the reciprocal interface
density), and the hk,b/DC are the thermal boundary conductances.
Two interface types are considered: b/b grain boundaries and b/DC
heterointerfaces.
The phase volume fractions fi were obtained from Rietveld
analysis of the XRD data. The thermal conductivity of the b-FeSi2
phase is taken as 19.7 ± 4 W/m-K; this value was determined in our
previous work [15], although the result is modiﬁed here to account
for the geometric effects described later. The thermal conductivities
of Si1-yGey alloys as a function of Ge content were taken from
Ref. [38]. Fig. 5 b shows the thermal conductivities measured by
TDTR at room temperature, and compares these with the bulk
thermal conductivities only (i.e., the sum of the ﬁrst two terms on
the right side of Eq. (1)). Clearly, the bulk resistances alone, even
with alloy scattering, cannot account for the observed reductions in
thermal conductivity. This again indicates the importance of
considering the TBC at the b-FeSi2/Si1-xGex interfaces, as we discussed above.
Our previous work determined the TBC for the b-FeSi2/Si
interface after eutectoid decomposition in the binary Fe-Si system,
using a similar analysis [15]. In that work, we did not take into
account the possible differences between interface density
measured using linear intercepts from a 2D micrograph, and the
actual interface density in 3D. As a ﬁrst-order approximation, a
simple geometric model is used here to compare the length of
interface per area from micrographs and the 3D surface area per
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volume, at constant volume fraction of b and DC phases. The aspect
ratios of planar lamellae were varied such that the geometry
evolved from sheet to lath to wires. A 2D to 3D correction factor was
determined from the model that estimates the interface density is a
factor of 2 larger for idealized nanowires vs. planar lamellae. A
similar model was made for equiaxed particles approximated by
spheres in 3D vs. projected circles in 2D.
Table 2 summarizes relevant data and calculation results for the
samples of interest. The following assumptions were made in order
to determine how thermal boundary conductance of the b/DC
interface depends on Ge content from eqn. (1). For all the samples,
the grain size, manifested in the lb/b term of eqn. (1), was ignored.
In most of the samples this is justiﬁed by the relatively large grain
size, such that grain boundary scattering contributes negligibly to
the measured thermal conductivity. However, for the rapid-cool þ
567  C/56 h sample, ignoring the 800 nm grain size implies there
will be some grain boundary scattering contributions to k that will
not be accounted for. In all samples, the eutectic lamellae are also
ignored. In the samples with coarse lamellae, the TDTR probe was
positioned between the lamellae and only measured the eutectoid
structure anyway, so the resistance analysis must also exclude the
lamellae. However, the ﬁne scale lamellae (cf. Fig. 1c) are included
in the TDTR measurement. Their exclusion from the analysis of eqn.
(1), via both interfacial and bulk effects, is justiﬁed by (1) their
small interface density and thus small contribution to TBC and (2)
the relatively small variation of the bulk thermal conductivity of
Si1-xGex alloys in the range x ¼ 0.23e0.81 [38]. For the rapid-cool þ
900  C/216 h ternary alloy, the sample has two distinct particle
sizes, so all measurements are an average of the two. With these
simpliﬁcations, the last column of Table 2 summarizes the resultant
hk's, which are plotted vs. Ge content in Fig. 6. The largest source of
error in this calculation comes from the uncertainty of the interface
density and in the measured thermal conductivities.
By using Matthiesen's rule, the b/Si interface was calculated to
have a TBC of 571 ± 51 MW m2 K1. Compared to the TBC of other
semiconductor/semiconductor interfaces, this value is close to the
upper limit of measured TBC's in the phonon-dominated regime
[49]. However, the Ge content of the DC phase has a signiﬁcant
effect on the TBC at this heterointerface, as seen in Fig. 6. It is
interesting to consider the rapid-cool þ 900  C sample. The
extended high-temperature anneal coarsened and spheroidized
the DC phase, producing Si69Ge31 particles with diameters ranging
from 1-10 mm. As such, the application of Mattheissen's Rule, Eq.
(1), seems particularly reasonable. For example, the TBC across the
b/Si69Ge31 yields a TBC of 49 ± 10 MW m2 K1, an order of
magnitude lower than that across the b/Si interface. Even with the
potential uncertainties in the interface density, the presence of 31%
Ge in the DC phase appears to signiﬁcantly reduce the thermal
boundary conductance of the b/DC heterointerface.
It should be recognized that a series resistance model wherein
bulk thermal conductivities and a single-valued thermal boundary
conductance are taken as independent is clearly an
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Fig. 6. Thermal boundary conductance for the b/DC heterointerface, calculated from
Mattheissen's rule.

oversimpliﬁcation. Future work should compare these predictions
with diffuse-mismatch modeling, and with re-interpretation of the
data in terms of the Callaway-Debye picture. This more rigorous
modeling approach is beyond the scope of this current work.
However, our experimental results, and the simple series resistance
model, do point to a clear and important role of the Ge content in
both bulk alloy scattering, and in enhancing length scale effects
associated with the heterophase structure.
These results herein suggest that minimum thermal conductivity in the b-FeSi2/DC composite requires a nanostructured DC
phase with ~30 at% Ge to take full advantage of alloy scattering and
TBC effects, as well as potential beneﬁts of reduced bandgap in the
DC phase. Eutectoid decomposition efﬁciently creates nanowires
and large heterointerface densities, but Ge entrainment in eutectic
lamellae impedes our ability to segregate Ge into the ﬁner-scale
eutectoid nanowires. It is not likely that we can bypass the
eutectic by choice of ternary composition. However, a possible
route would utilize even faster solidiﬁcation rates. This would
produce a true nanoscale eutectic with very high Ge content (at
least 60 at %). Subsequent low temperature conversion would
promote eutectoid decomposition, a/bþSi, and if the eutectic
interlamellar spacings can be retained on the nanoscale, the
eutectoid Si would simply diffuse to the lamellae, but without
signiﬁcant coarsening. We are currently pursuing this processing
path. On the other hand, it is interesting that the rapid-cool þ
900  C/216 h sample (Fig. 2c), which is not strictly hierarchical,
provides a relatively low thermal conductivity due to the high Ge
content in the diamond cubic phase, and may have advantages in
the thermoelectric power factor and may enhanced thermal stability at elevated temperatures. The latter still requires careful

Table 2
Summary of relevant data for and results of the Mattheissen's rule calculations.
Sample

Solidiﬁcation

Process

Interface

DC
Composition

fb

fDC

3D
(mm/int)

3D
(nm)

KSiGe
(W/mK)

ΚT
(W/mK)

3D
(MW/m2K)

Fe28.4Si71.6

Slow-Cool

Eutectoid/b

0.825
0.828
0.862

Rapid-Cool

567C56hr

0.175
0.172
0.138
e
0.232
0.090
0.290

22.66 ± 3.45
0.44 ± 0.11
23.70 ± 2.85
0.01 ± 0.00
21.48 ± 5.78
1.80 ± 0.13
1.29 ± 0.50

45.5
2272.7
42.3
100000.0
47.2
555.6
387.6

12.1 ± 1.0
22.8 ± 5.0
10.1 ± 1.5
e
8.3 ± 0.7

571 ± 51

Slow-Cool

Si100
Si100
Si94 Ge06
Si63 Ge37
Si82 Ge18
Si36 Ge64
Si69 Ge31

149.0

Fe28Si68Ge4

567C56hr
900C120hr
567C120hr

518 ± 48
e
341 ± 49

8.9 ± 0.6

49 ± 10

900C216hr

Eutectoid/b
Eutectic/b
Eutectoid/b
Eutectic/b
SiGe/b

0.678
0.710

23.51
e
14.85
11.72
12.36
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investigation in deliberately-doped samples.
4. Conclusions
Ge additions to the Fe-Si system provide signiﬁcant ﬂexibility
for modifying the structure and properties of Fe-Si-based thermoelectrics. Hierarchical microstructure was produced by combining
eutectic and eutectoid decomposition in Fe28Si68Ge4 alloys, ultimately producing a nanocomposite structure of b-FeSi2 with
embedded SiGe alloys of varying alloy composition. Rapid solidiﬁcation of Fe-Si-Ge was shown to (1) reduce the length scales of
eutectic lamella by two orders of magnitude, (2) eliminate the
unwanted ε-FeSi phase, and (3) increase the ﬁnal Ge content in the
nanoscale eutectoid nanowires.
The composition of DC nanoinclusions may be the most
important aspect of this system for reducing overall thermal conductivities, and should also provide the greatest reduction in
bandgaps and band offsets relative to the b-matrix. We analyzed
the thermal conductivity of the composite structure in terms of the
effects of a Ge-dependent thermal boundary conductance associated with the b-FeSi2/Si1-yGey heterointerfaces. Up to 30 at% Ge was
incorporated into the DC microconstiutents using rapid eutectic
solidiﬁcation combined with eutectoid decomposition. As a result,
the thermal conductivity of the system was reduced from
12.1 ± 1.0 MW m1 K1 to 8.9 ± 0.6 MW m1 K1, which we show
results primarily from a signiﬁcant reduction in thermal boundary
conductance across the b-FeSi2/Si69Ge31 interface. While the bFeSi2/Si interface exhibits a relatively high thermal boundary
conductance of 571 ± 51 MW m2 K1, this value drops markedly
with the inclusion of Ge into the diamond cubic. Values as low as
49 ± 10 MW m2 K1, 91% lower than that across the b-FeSi2/Si interfaces, were obtained in at the maximum Ge incorporation.
Noting that the overall Ge content is still only 4 at%, so that the
high abundance and low toxicity of the primary Fe and Si components suggest that further pursuit of thermoelectric optimization
through microstructure control in the dilute ternaries is warranted.
This could be achieved by varying the overall Ge content, increasing
the rate of solidiﬁcation, or precise doping of microconstituents.
Alternate methods, such as powder processing, could be ideal for
producing ﬁne, compositionally controlled Si1-xGex nanoinclusions.
Acknowledgements
We thank Bill Soffa for useful discussions and extensive help
with the arc-melter, Gary Shiﬂet for useful suggestions, Bonnie
McFarland for ICP analysis, Michal Sabat for assistance with XRD,
and Richard White for assistance with EBSD. We are grateful to
Mona Zebarjadi for insights on interfacial heat transfer. Support
from the II-VI Foundation Block Gift program is gratefully
acknowledged. This material is based upon work supported by the
Air Force Ofﬁce of Scientiﬁc Research under award number FA955015-1-0079.
Appendix A. Supplementary data
Supplementary data related to this article can be found at
https://doi.org/10.1016/j.matchemphys.2017.12.038.
References
[1] LLNL Energy Flow Charts, Lawrence Livermore Natl. Lab, 2015. https://ﬂowcha
rts.llnl.gov/. (Accessed 29 January 2016).
[2] G.J. Snyder, E.S. Toberer, Complex thermoelectric materials, Nat. Mater. 7
(2008) 105e114, https://doi.org/10.1038/nmat2090.
[3] J. van Ek, P. Sterne, P. Turchi, Fe, Ru, and Os disilicides: electronic structure of
ordered compounds, Phys. Rev. B 54 (1996) 7897e7908, https://doi.org/

10.1103/PhysRevB.54.7897.
[4] A. Heinrich, H. Griessmann, G. Behr, K. Ivanenko, J. Schumann, H. Vinzelberg,
Thermoelectric properties of b-FeSi2 single crystals and polycrystalline bFeSi2þx thin ﬁlms, Thin Solid Films 381 (2001) 287e295, https://doi.org/
10.1016/S0040-6090(00)01758-2.
[5] J. Tani, H. Kido, Hall effect and thermoelectric properties of FeSix, Jpn. J. Appl.
Phys. 39 (2000) 1054e1057, https://doi.org/10.1143/JJAP.39.1054.
[6] D.M. Rowe (Ed.), Thermoelectric Handbook: Macro to Nano, ﬁrst ed., 2005.
Boca Raton.
[7] T.B. Massalski, Binary Alloy Phase Diagrams, second ed., ASM International,
Materials Park, Ohio, 1990.
[8] L.D. Zhao, S. Hao, S.H. Lo, C.I. Wu, X. Zhou, Y. Lee, H. Li, K. Biswas, T.P. Hogan,
C. Uher, C. Wolverton, V.P. Dravid, M.G. Kanatzidis, High thermoelectric performance via hierarchical compositionally alloyed nanostructures, J. Am.
Chem. Soc. 135 (2013) 7364e7370, https://doi.org/10.1021/ja403134b.
[9] T. Nagase, I. Yamauchi, I. Ohnaka, Eutectoid decomposition in rapidly solidiﬁed a-Fe2Si5 -based thermoelectric alloys, J. Alloy. Comp. 316 (2001)
212e219, https://doi.org/10.1016/S0925-8388(00)01453-5.
[10] I. Yamauchi, A. Suganuma, T. Okamoto, I. Ohnaka, Effects of Cu addition on the
b-phase formation rate in Fe2Si5 thermoelectric materials, J. Mater. Sci. 32
(1997) 4603e4611, https://doi.org/10.1023/A:1004323930521.
[11] I. Yamauchi, T. Nagase, I. Ohnaka, Temperature dependence of b-phase
transformation in Cu added Fe2Si5 thermoelectric material, J. Alloy. Comp. 292
(1999) 181e190, https://doi.org/10.1016/S0925-8388(99)00155-3.
[12] H.Y. Chen, X.B. Zhao, E. Mueller, A. Mrotzek, Y.F. Lu, Microstructures and
thermoelectric properties of Fe0.92Mn0.08Six alloys prepared by rapid solidiﬁcation and hot pressing, J. Appl. Phys. 94 (2003) 6621e6626, https://doi.org/
10.1063/1.1622773.
[13] U. Ail, S. Gorsse, S. Perumal, M. Prakasam, A. Umarji, S. Vives, P. Bellanger,
R. Decourt, Thermal conductivity of b-FeSi2 Si endogenous composites formed
by the eutectoid decomposition of a-Fe2Si5, J. Mater. Sci. (2015) 6713e6718,
https://doi.org/10.1007/s10853-015-9225-4.
[14] J. Jiang, T. Sasakawa, K. Matsugi, G. Sasaki, O. Yanagisawa, Thermoelectric
properties of b-FeSi2 with Si dispersoids formed by decomposition of a-Fe2Si5
based alloys, J. Alloy. Comp. 391 (2005) 115e122, https://doi.org/10.1016/
j.jallcom.2004.07.070.
[15] W.A. Jensen, N. Liu, E. Rosker, B.F. Donavan, B. Foley, P.E. Hopkins, J.A. Floro,
Eutectoid transformations in Fe-Si Alloys for thermoelectric applications,
J.
Alloy.
Comp.
721
(2017)
705e711,
https://doi.org/10.1016/
j.jallcom.2017.06.023.
[16] A. Kundu, N. Mingo, D.A. Broido, D.A. Stewart, Role of light and heavy
embedded nanoparticles on the thermal conductivity of SiGe alloys, Phys. Rev.
B
Condens.
Matter
84
(2011)
1e5,
https://doi.org/10.1103/
PhysRevB.84.125426.
[17] R. Cheaito, J.C. Duda, T.E. Beechem, K. Hattar, J.F. Ihlefeld, D.L. Medlin,
M.A. Rodriguez, M.J. Campion, E.S. Piekos, P.E. Hopkins, Experimental investigation of size effects on the thermal conductivity of silicon-germanium alloy
thin ﬁlms, Phys. Rev. Lett. 109 (2012) 1e5, https://doi.org/10.1103/
PhysRevLett.109.195901.
[18] B. Abeles, Lattice thermal conductivity of disordered semiconductor alloys at
high temperatures, Phys. Rev. 131 (1963) 1906e1911, https://doi.org/
10.1103/PhysRev.131.1906.
[19] D.G. Cahill, F. Watanabe, Thermal conductivity of isotopically pure and Gedoped Si epitaxial layers from 300 to 550 K, Phys. Rev. B Condens. Matter
70 (2004) 1e3, https://doi.org/10.1103/PhysRevB.70.235322.
[20] D.G. Cahill, F. Watanabe, A. Rockett, C.B. Vining, Thermal conductivity of
epitaxial layers of dilute SiGe alloys, Phys. Rev. B - Condens, Mater. Manuf.
Process. 71 (2005) 1e4, https://doi.org/10.1103/PhysRevB.71.235202.
[21] N. Mingo, D. Hauser, N.P. Kobayashi, M. Plissonnier, A. Shakouri, Nanoparticlein-alloy approach to efﬁcient thermoelectrics: silicides in SiGe, Nano Lett. 9
(2009) 711e715, https://doi.org/10.1021/n18031982.
[22] T. Fromherz, G. Bauer, Energy gaps and band structure of SiGe and their
temperature dependence, in: E. Kasper (Ed.), Prop. Strained Relaxed Silicon
Ger, INSPEC, London, United Kingdom, 1994, pp. 87e93.
[23] M. Mohebali, Y. Liu, L. Tayebi, J.S. Krasinski, D. Vashaee, Thermoelectric ﬁgure
of merit of bulk FeSi2-Si0.8Ge0.2 nanocomposite and a camparison with b-FeSi2
74 (2015) 940e947, https://doi.org/10.1016/j.renene.2014.08.059.
[24] P.W. Trimby, Orientation mapping of nanostructured materials using transmission Kikuchi diffraction in the scanning electron microscope, Ultramicroscopy
120
(2012)
16e24,
https://doi.org/10.1016/
j.ultramic.2012.06.004.
[25] D.G. Cahill, Analysis of heat ﬂow in layered structures for time-domain
thermoreﬂectance, Rev. Sci. Instrum. 75 (2004) 5119e5122, https://doi.org/
10.1063/1.1819431.
[26] A.J. Schmidt, X. Chen, G. Chen, Pulse accumulation, radial heat conduction, and
anisotropic thermal conductivity in pump-probe transient thermoreﬂectance,
Rev.
Sci.
Instrum.
79
(2008),
https://doi.org/10.1063/1.3006335,
114902e(1e9).
[27] P.E. Hopkins, J.R. Serrano, L.M. Phinney, S.P. Kearney, T.W. Grasser, C.T. Harris,
Criteria for cross-plane dominated thermal transport in multilayer thin ﬁlm
systems during modulated laser heating, J. Heat Tran. 132 (2010), https://
doi.org/10.1115/1.4000993, 081302e(1e10).
[28] S. Alam, T. Nagai, Y. Matsui, Heat capacity study of b-FeSi2 single crystals,
Phys.
Lett.
353
(2006)
516e518,
https://doi.org/10.1016/
j.physleta.2006.03.041.

W.A. Jensen et al. / Materials Chemistry and Physics 207 (2018) 67e75
[29] W.E. Forsythe, Speciﬁc heat of various solids, in: Smithson. Phys. Tables,
nineth ed., The Smithsonian Institution, Washington DC, 1954, pp. 155e158.
[30] D.E. Soffa, W.A. Laughlin, Diffusional phase transformations in the solid state,
in: D.E. Laughlin, K. Hono (Eds.), Phys. Metall, ﬁfth ed., 2014, pp. 851e1020,
https://doi.org/10.1016/B978-0-444-53770-6.00008-3.
[31] I. Yamauchi, T. Nagase, I. Ohnaka, Eutectoid decomposition in Fe2Si5 based
alloys with a small amount of 10(Pd, Pt) and 11(Cu, Ag, Au) group elements,
J.
Mater.
Sci.
37
(2002)
1429e1435,
https://doi.org/10.1023/A:
1014545302508.
[32] J. Baker, J. Cahn, Solute trapping by rapid solidiﬁcation, Acta Metall. 17 (1969)
575e578, https://doi.org/10.1016/0001-6160(69)90116-3.
[33] H. Meco, R.E. Napolitano, Non-equilibrium solute partitioning and microstructure formation in rapidly solidiﬁed Al-Sm alloys, Mater. Sci. Forum
539e543 (2007) 2810e2815 doi:10.4028/www.scientiﬁc.net/MSF.539-543.
2810.
[34] T. Tsunoda, M. Mukaida, Y. Imai, Thermoelectric properties of Ru- or Gedoped b-FeSi2 ﬁlms prepared by electron beam deposition, Thin Solid Films
381 (2001) 296e302, https://doi.org/10.1016/S0040-6090(00)01759-4.
[35] H. Herzog, Crystal structure, lattice parameters and liquidus-solidus curve of
the SiGe system, in: E. Kasper (Ed.), Prop. Strained Relaxed Silicon Ger, INSPEC,
London, United Kingdom, 1995, pp. 49e52.
[36] S.-M. Lee, D.G. Cahill, R. Venkatasubramanian, Thermal conductivity of SieGe
superlattices, Appl. Phys. Lett. 70 (1997) 2957e2959, https://doi.org/10.1063/
1.118755.
[37] R. Braunstein, A.R. Moore, F. Herman, Intrinsic optical absorption in
germanium-silicon alloys, Phys. Rev. 109 (1958) 695e710, https://doi.org/
10.1103/PhysRev.109.695.
[38] Z. Aksamija, I. Knezevic, Thermal conductivity of Si1-xGex/Si1-yGey superlattices: competition between interfacial and internal scattering, Phys. Rev. B Condens, Mater. Manuf. Process. 88 (2013) 155318, https://doi.org/10.1103/
PhysRevB.88.155318.
[39] Z. Wang, N. Mingo, Diameter dependence of SiGe nanowire thermal conductivity, Appl. Phys. Lett. 97 (2010) 24e26, https://doi.org/10.1063/
1.3486171.
[40] S. Demirel, E. Altin, E. Oz, S. Altin, A. Bayri, An enhancement ZT and spin state
transition of Ca3Co4O9 with Pb doping, J. Alloy. Comp. 627 (2015) 430e437,
https://doi.org/10.1016/j.jallcom.2014.11.200.
[41] J. ichi Tani, M. Takahashi, H. Kido, Lattice dynamics of b-FeSi2 from ﬁrstprinciples calculations, Phys. B Condens. Matter 405 (2010) 2200e2204,
https://doi.org/10.1016/j.physb.2010.02.008.
[42] D. Li, Y. Wu, P. Kim, L. Shi, P. Yang, A. Majumdar, Thermal conductivity of
individual silicon nanowires, Appl. Phys. Lett. 83 (2003) 2934e2936, https://
doi.org/10.1063/1.1616981.

75

[43] B.M. Foley, H.J. Brown-shaklee, J.C. Duda, R. Cheaito, B.J. Gibbons, D. Medlin,
F. Jon, P.E. Hopkins, B.J. Gibbons, D. Medlin, J.F. Ihlefeld, P.E. Hopkins, Thermal
conductivity of nano-grained SrTiO 3 thin ﬁlms 231908 (2012) 1e4, https://
doi.org/10.1063/1.4769448.
[44] B.F. Donovan, B.M. Foley, J.F. Ihlefeld, J.-P. Maria, P.E. Hopkins, Spectral phonon
scattering effects on the thermal conductivity of nano-grained barium titanate, Appl. Phys. Lett. 105 (2014) 82907, https://doi.org/10.1063/1.4893920.
[45] G. Chen, Nanoscale Energy Transport and Conversion: a Parallel Treatment of
Electrons, Molecules, Phonons, and Photons, Oxford University, New York,
2005.
[46] A.M. Marconnet, K.E. Goodson, From the casimir limit to phononic Crystals :
20 Years of phonon transport studies using silicon-on-insulator technology
135 (2013) 1e10, https://doi.org/10.1115/1.4023577.
[47] A.J.H. Mcgaughey, E.S. Landry, D.P. Sellan, C.H. Amon, A.J.H. Mcgaughey,
E.S. Landry, D.P. Sellan, C.H. Amon, Size-dependent model for thin ﬁlm and
nanowire thermal conductivity 131904 (2017), https://doi.org/10.1063/
1.3644163.
[48] E.T. Swartz, R.O. Pohl, Thermal boundary resistance, Rev. Mod. Phys. 61 (1989)
605e668, https://doi.org/10.1103/RevModPhys.61.605.
[49] P.E. Hopkins, Thermal transport across solid interfaces with nanoscale imperfections: effects of roughness, disorder, dislocations, and bonding on
thermal boundary conductance, thermal transport across solid interfaces with
nanoscale imperfections: effects of roughness, ISRN Mech. Eng 2013 (2013)
1e19, https://doi.org/10.1155/2013/682586.
[50] C. Monachon, L. Weber, C. Dames, Thermal boundary conductance :a materials
science perspective, Annu. Rev. Mater. Res. 46 (2016) 433e463, https://
doi.org/10.1146/annurev-matsci-070115-031719.
[51] J.P. Freedman, X. Yu, R.F. Davis, A.J. Gellman, J.A. Malen, Thermal interface
conductance across metal alloy e dielectric interfaces 35309 (2016) 1e7,
https://doi.org/10.1103/PhysRevB.93.035309.
[52] A. Majumdar, P. Reddy, Role of electron-phonon coupling in thermal
conductance of metal-nonmetal interfaces, Appl. Phys. Lett. 84 (2004)
4768e4770, https://doi.org/10.1063/1.1758301.
[53] K.T. Regner, L.C. Wei, J.A. Malen, Interpretation of thermoreﬂectance measurements with a two-temperature model including non-surface heat deposition, J. Appl. Phys. 118 (2015) 235191, https://doi.org/10.1063/1.4937995.
[54] D.G. Cahill, R.B. Wilson, Anisotropic failure of Fourier theory in time-domain
thermoreﬂectance experiments, Nat. Commun. 5 (2014) 1e11, https://
doi.org/10.1038/ncomms6075.
[55] R.B. Wilson, J.P. Feser, G.T. Hohensee, D.G. Cahill, Two-channel model for
nonequilibrium thermal transport in pump-probe experiments, Phys. Rev. B Condens, Mater. Manuf. Process. 88 (2013) 1e11, https://doi.org/10.1103/
PhysRevB.88.144305.

