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This work represents a thorough investigation of the thermal conductivity (j) in both thin film and
bulk PbZr1–xTixO3 (PZT) across the compositional phase diagram. Given the technological
importance of PZT as a superb piezoelectric and ferroelectric material in devices and systems
impacting a wide array of industries, this research serves to fill the gap in knowledge regarding the
thermal properties. The thermal conductivities of both thin film and bulk PZT are found to vary by
a considerable margin as a function of composition x. Additionally, we observe a discontinuity in j
in the vicinity of the morphotropic phase boundary (MPB, x ¼ 0.48) where there is a 20%–25%
decrease in j in our thin film data, similar to that found in literature data for bulk PZT. The
comparison between bulk and thin film materials highlights the sensitivity of j to size effects such
as film thickness and grain size even in disordered alloy/solid-solution materials. A model for the
thermal conductivity of PZT as a function of composition (jðxÞ) is presented, which enables the
application of the virtual crystal approximation for alloy-type material systems with very different
crystals structures, resulting in differing temperature trends for j. We show that in the case of crystalline solid-solutions where the thermal conductivity of one of the parent materials exhibits glasslike temperature trends the compositional dependence of thermal conductivity is relatively constant
for most values of x. This is in stark contrast with the typical trends of thermal conductivity with x
in alloys, where the thermal conductivity increases dramatically as the composition of the alloy or
solid-solution approaches that of a pure parent materials (i.e., as x ¼ 0 or 1). Published by AIP
Publishing. [http://dx.doi.org/10.1063/1.4983356]

I. INTRODUCTION

Lead zirconate titanate (PbZr1–xTixO3, PZT) is an
important and versatile solid-solution material system. Since
its discovery in the early 1950s as an alternative to barium
titanate for ceramic filters,1 PZT has been, and continues to
be, a critical component in the realization of many different
technologies, including capacitors,2 electro-optic shutters,3
ultrasonic transducers,4 micro electro-mechanical systems
(MEMS),5 and ferroelectric random access memory
(FeRAM),6 among others. While the past decade has seen an
increasing amount of research into lead-free piezoceramic
alternatives, the reality is that PZT remains the material of
choice within the $20 billion piezoactuator market due to its
stability, scalability, and cost.7
PZT is a binary solid-solution system comprising a particular molar fraction (x) of lead titanate (PbTiO3, PTO) relative to the fraction of lead zirconate (PbZrO3, PZO). The
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material has an ABO3 type perovskite structure with lead at
the A-site (12-fold coordinated), zirconium, or titanium
occupying the B-site (6-fold coordinated) and oxygen at the
face centers. Figure 1 depicts the phase diagram for the PZT
material system as a function of composition (x) and temperature, illustrating the variety of crystal symmetries that are
possible.8 In the top-most region of the diagram above the
line denoting the Curie temperature, PZT has a cubic structure (Pm3m) and is paraelectric with no spontaneous polarization. However, as PZT is cooled below its Curie
temperature, there is a distortion of the crystal into one of
several structures depending on the composition. For
titanium-rich compositions (x > 0.48), the crystal has a
tetragonal structure (P4mm), whereas for zirconium-rich
compositions, the crystal can exhibit either orthorhombic
(x < 0.05, Pbam/Pba2) or rhombohedral symmetry
(0:05 < x < 0:48, R3c or R3m for low and high-temperature
phases, respectively).9 The vertical line in Figure 1 in the
vicinity of x ¼ 0.48 at 20  C denotes the morphotropic phase
boundary (MPB), where the material exhibits an enhancement in the dielectric constant (r), piezoelectric strain coefficients (d33, d15, d31), and electromechanical coupling
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FIG. 1. Phase diagram of lead zirconate titanate (PbZr1–xTixO3, PZT),
adapted from Ref. 8.

factors (k) compared to compositions in the adjacent tetragonal and rhombohedral regions. The variety of symmetries
and phases possible and corresponding tunability of several
important properties make the PZT system an integral part of
a broad array of technologies.
While the mixture of PbZrO3 and PbTiO3 results in
many functional properties, it is important to consider its
impact on thermal properties as well. Knowledge of the thermal conductivity dependence on composition and microstructure is limited for PZT.10–13 Thermal conductivity can
have a significant effect on the performance of a device both
in the short term, as it pertains to things like sensitivity, loss
tangent, and operational stability, and in the long term, the
reliability and degradation of the device over time can be
impacted. In this work, we measure the thermal conductivity
of textured and randomly oriented polycrystalline PZT thin
films with compositions ranging over the entire phase diagram (0  x  1). The PZT thin films were deposited on
platinized silicon substrates through chemical solution deposition (CSD), which is a commonly used means to prepare
device quality PZT films.2,5,14 Using time-domain thermoreflectance (TDTR), we measure the thermal conductivities (j)
of PZT thin films of varying solid-solution composition. We
show that the thermal conductivity of the PZT system exhibits
an alloy/mixture type trend, where j for compositions
0.20  x  0.80 is 37.5% lower than that measured for PbTiO3
(x ¼ 1) thin films of comparable thickness and grain size. We
examine the trend in the data using a hybrid-dispersion alloy/
mixture model for j to gather insight regarding the relative
strength of several phonon scattering mechanisms for various
compositions of PZT. Our results demonstrate that in the case
of crystalline solid-solutions, where the thermal conductivity of
one of the parent materials exhibits amorphous/glass-like temperature trends in its crystalline phase, the compositional
dependence of thermal conductivity (jðxÞ) is relatively constant for most values of x. This is in stark contrast with the typical trends of thermal conductivity with respect to composition
in alloys, where the thermal conductivity increases dramatically
as the composition of the alloy or solid-solution approaches
that of the pure parent materials (i.e., as x ¼ 0 or 1).
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The reduction of j via mass-disorder in binary semiconductor alloys such as Si1–xGex (Ref. 15) and AlxGa1–xN (Ref.
16) has been experimentally shown to result in an order of
magnitude reduction in j for compositions of roughly
0:20 < x < 0:80 due to strong scattering of high frequency
phonons present in the material. Furthermore, several works
have also investigated the interplay between alloy scattering
and boundary scattering in nanostructured forms of the
aforementioned materials, including thin films16–18 and
nanowires.19 Through their experimental results and contextualization using a Debye-based Callaway model, these
works demonstrate that j can be further reduced via boundary scattering by limiting the mean free path of lowfrequency phonons that are not otherwise affected by the
alloy atoms. Since PZT is employed in thin film, polycrystalline forms for use in a wide array of applications, it is important to also consider these contributions to the phonon
scattering landscape in addition to scattering via massdisorder in the solid-solution system.
II. METHODS
A. Sample fabrication and characterization

PbZr1–xTixO3 thin films with a target thickness of
300 nm were deposited on Pt/ZnO/SiO2/Si substrates using
an inverse mixing order (IMO) chemical solution. PZT film
compositions ranging from PbZr1–xTixO3 for 0  x  1 with
10 mol. % steps (save for a single film with x ¼ 0.05) were
prepared with a pyrolysis temperature of 350  C. Smaller
compositional steps, 3 mol. % were also investigated near
the morphotropic phase boundary (MPB, x ¼ 0.48) composition and two pyrolysis temperatures were investigated:
350  C and 400  C for 1 min, which has been shown previously to result in significantly different grain morphologies.14 Details of PZT film preparation can be found in Ref.
14. Film thicknesses and grain sizes were measured using
secondary electron scanning electron microscopy (SEM) and
atomic force microscopy. Grain sizes were determined using
a linear intercept method.20
Figure 2(a) shows representative 2h  h XRD analysis
for PbZr0.30Ti0.70O3 and PbZr0.70Ti0.30O3 compositions for a
pyrolysis temperature of 350  C, as well as the MPB composition for a pyrolysis temperature of 350  C and the MPB
composition with a pyrolysis temperature of 400  C.
Compositions near the MPB with a pyrolysis temperature of
350  C were characterized as randomly oriented, while compositions with a pyrolysis temperature of 400  C possessed a
(100)-texture. Figures 2(b) and 2(c) and 2(d) and 2(e) show
representative SEM images plan view and cross-sectional
images, respectively, for PbZr0.52Ti0.48O3 made with a pyrolysis temperature of 350  C and 400  C. For the 350  C pyrolysis temperature, grain sizes ranged from 47 6 5 nm to
98 6 12 nm for 0  x  1, where the largest grain size
occurred near the MPB composition. Grain sizes for a pyrolysis temperature of 400  C ranged from 530 6 80 nm to
2200 6 700 nm for 0.46  x  0.58. The grains span the thickness, and thus the grain sizes are measured in the lateral (inplane) direction. Grain sizes for representative compositions
are listed in Figures 2(b)–2(e) and tabulated in Table I.
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TABLE I. Pyrolysis temperature (TP ), film thickness (df) and average
grain size (dg), along with the associated measurement uncertainties (rd, rg)
for the PZT thin films.
x
0.00
0.05
0.10
0.20
0.30
0.40
0.42
0.45
0.48
0.51
0.54
0.60
0.70
0.80
0.90
1.00

FIG. 2. (a) Representative 2h  h XRD analysis of PZT thin films with compositions: (i) PbZr0.30Ti0.70O3 at a pyrolysis temperature of 350  C; (ii)
PbZr0.52Ti0.48O3 at a pyrolysis temperature of 350  C; (iii) PbZr0.52Ti0.48O3
at a pyrolysis temperature of 400  C; and (iv) PbZr0.70Ti0.30O3 at a pyrolysis
temperature of 350  C. Compositions near the MPB with a pyrolysis temperature of 350  C were characterized as randomly oriented, while compositions with a pyrolysis temperature of 400  C possessed (100)-texture. Planview (b) and (c) and cross-sectional (d) and (e) scanning electron microscopy (SEM) images of the MPB-composition thin films at the two pyrolysis
temperatures, highlighting the significant difference in average grain size.

For additional comparison, we also fabricated bulk
ceramic PZT samples. Bulk ceramic PbZr0.3Ti0.7O3 and
PbZr0.7Ti0.3O3 pellets were prepared via solid state reaction
and sintering. PbO (Hammond Lead Products, Ultra High
Purity), TiO2 (Strem, 99þ% purity), and ZrO2 (Strem, 99þ%
purity) powders were ball milled for 1 h in ethanol, dried, and
ground in a mortar and pestle followed by calcination at
950  C for 12 h in air. The powders were attrition milled with
yttria-stabilized zirconia (YSZ) media in ethanol and calcined
again under the same conditions. 0.5 wt. % excess PbO powder was added, the powders attrition milled and then pressed
into 3/4 in. diameter pellets under 20 ksi pressure. The pellets
were sintered at 1200  C for 3 h in closed crucibles. The bulk
ceramic PbZrO3 pellet was prepared from high purity commercial PbZrO3 powder (American Elements, 99.5þ%
purity). The powder was milled with YSZ media, bound with
3 wt. % binder, and pressed into 5/8 in. diameter pellets under
5 ksi pressure. The pellet was then isostatically cold pressed
to 30 ksi and sintered to 1200  C for 2 h. All pellets were polished to a 0.05 lm finish with a diamond suspension.
Densities of the ceramics were measured via the Archimedes

TP (  C)

df (nm)

rd (nm)

dg (nm)

rg (nm)

350
350
350
350
350
350
350
400
350
400
350
400
350
400
350
400
350
350
350
350
350

328
278
335
344
346
318
300
298
296
310
294
316
289
283
316
307
307
325
293
348
254

16
42
11
6
10
3
10
18
8
21
4
5
2
18
13
13
3
9
8
50
51

2470
1435
1480
229
88
84
91
202
98
824
86
566
83
328
85
294
99
97
144
152
119

335
553
358
23
7
6
12
32
11
82
5
45
4
30
5
30
10
5
26
24
31

method; the PbZr0.3Ti0.7O3, PbZr0.7Ti0.3O3, and PbZrO3 were
97%, 95%, and 86% dense, respectively. Average grain sizes
were calculated to be 0.75 6 0.05 lm, 7.02 6 0.68 lm, and
3.64 6 0.64 lm, respectively, where the error is the 95% confidence interval for grain size.
B. Thermal conductivity measurements

The thermal conductivities of the samples were determined using time domain thermoreflectance (TDTR). TDTR
is a non-contact, optical pump-probe technique utilizing
ultra-fast laser pulses to measure the diffusion of thermal
carriers (including both electrons and phonons) through a
material.21–23 For facilitating the measurements, the samples
were coated with approximately 80 nm of aluminum to serve
as the transducer for the thermoreflectance measurement.
Once collected, the TDTR data is fit to a multilayer thermal
model to extract the thermal parameters of interest; in this
case, the thermal conductivity (j) of the PZT thin films and
bulk ceramics.
In order to fit the model to the data for the thermal
parameters of interest, the other thermal and geometric properties of the materials in the test structure must be well
known. The thicknesses of the top aluminum layer was determined via pico-second acoustics24,25 over the first 20–30 ps
of pump-probe delay in the TDTR measurement, while the
thermal conductivity was inferred via Wiedemann-Franz
Law calculations from the in-plane electrical resistivity; our
Al films yielded thermal conductivities of approximately
150 W m1 K1 for aluminum films with nominal thickness
of 80 nm. We assume literature values for the heat capacities
of Al,26 as well as for the heat capacity of PZT of different
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compositions (x), which were calculated as a ratiometric
mixture of the room temperature heat capacities of PbZrO3
and PbTiO3.27
For this study, we amplitude-modulate the pump beam
with an 8 MHz sinusoid and monitor the ratio of the in-phase
to an out-of-phase signal of the probe beam with a lock-in
amplifier. We fit the TDTR model to the data by varying the
thermal conductivity of the PZT films and the thermal
boundary conductance between the top metal film and the
PZT samples. While the 1=e thermal penetration depth of
our pump beam at 8 MHz is less than or approximately equal
to the PZT film thickness for all the compositions in this
study (approximately 135 nm for 0 <x < 0.7, increasing to
approximately 180 nm at x ¼ 1), our analysis suggests that
the TDTR data could be sensitive to thermal transport across
the platinized-silicon stack (100 nm Pt/40 nm ZnO/300 nm
SiO2/Bulk Si), upon which the PZT films are deposited.
Therefore, the platinized-silicon samples were also characterized via TDTR to eliminate the number of unknowns in
the thermal model for the PZT thin films.
For performing these calibrations, platinized-silicon
samples both with and without the 300 nm SiO2 were fabricated for TDTR measurements. For these samples, a twolayer model of a platinum thin film on either SiO2 or Si was
employed, where the thermal boundary conductance between
the layers (h1) was fit to the TDTR data (heat capacity, thermal conductivity, and thickness of the platinum top layer are
all known, as are the heat capacity and thermal conductivity
of SiO2 and Si). This two-layer approach was used in order
to lump the thermal conductivity of the 40 nm ZnO layer in
with the conductances across the Pt/ZnO and ZnO/SiO2 or
ZnO/Si interfaces into a single total conductance. At 8 MHz,
the buried 300 nm SiO2 layer can be considered “thermally
thick,” and it is, therefore, reasonable to consider it as a
semi-infinite bottom layer in the model.
In practice, the measurements made on the sample with
300 nm SiO2 were unable to provide a reliable value for h1
due to the competing sensitivity of the thermal data to the
properties of the SiO2. Alternatively, fitting the data for the
sample without the SiO2 provided much more accurate
results due to the fact that the sensitivity to h1 is increased
because of the two order of magnitude increase in the j of
the semi-infinite layer (1.4 W m1 K1 for SiO2, 145 W m1
K1 for Si). Fitting this data resulted in a lumped conductance of the 40 nm ZnO film, along with its adjacent boundary conductances of hZnO ¼ 96 MW m2 K1.
For fitting the PZT thin film data, a three-layer model is
used; layer 1 is the aluminum thin film, layer 2 is the PZT
thin film, and layer 3 is SiO2 (semi-infinite). Due to the large
conductances of the platinum and ZnO thin films
(hPt ¼ jPt =dPt ¼ 41 W m–1 K1/100 nm ¼ 410 MW m2 K1;
hZnO ¼ 96 MW m2 K1) compared to the effective conductance of the PZT thin films (hPZT ¼ jPZT =dPZT ¼ 1.3 W m1
K1/300 nm ¼ 4.33 MW m2 K1), it is reasonable to combine hPt and hZnO into a single conductance for use in the
three-layer model between the PZT and SiO2 layers
(h2 ¼ 77.8 MW m2 K1) via h2 ¼ ðhPt þ hZnO Þ1 . With h2
thoroughly characterized, the thermal conductivity of the
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PZT thin films can be extracted from the TDTR data with
the three-layer model to a high degree of confidence.
III. RESULTS

Figure 3 shows the measured thermal conductivities of
the PZT thin films as a function of their solid solution composition fabricated with pyrolysis temperatures of 350  C
(blue squares) and 400  C (red circles). Starting with the
PbTiO3 thin film (x ¼ 1.00), we measure a thermal conductivity of 2.24 W m1 K1. This value is 55.7% lower than
the single crystal value of 5.06 W m1 K1 reported in Ref.
28, which we attribute to phonon scattering at the film and
grain boundaries in our samples. As the molar fraction of
PbZrO3 increases (x decreases), we observe a decrease in the
thermal conductivity compared to the PbTiO3 (x ¼ 1.00)
end-member. Over the range 0.80 <x < 1.00, the thermal
conductivity drops from 2.24 W m1 K1 to 1.40 W m1
K1, a reduction of 37.5%. Such a steep reduction in the
thermal conductivity of an initially stoichiometrically pure
material system with the addition of an additional species
has been shown to occur in several systems15,16 and is often
explained in the context of alloy/impurity phonon scattering.
In this case, the fraction of B-sites in the ABO3 perovskite
system populated with zirconium instead of titanium atoms
increases as x decreases and these zirconium atoms serve as
mass-impurity scattering sites for phonons. We do not
believe that this reduction between the x ¼ 1.0 and x ¼ 0.80
to be due to an increase in phonon scattering caused by physical boundaries because of the fact that the x ¼ 0.80 sample
is thicker and has larger grains than the x ¼ 1.0 sample.
Across the range for x < 0.80, the trend in thermal
conductivity remains largely flat with the exception of an
apparent discontinuity in the vicinity of the MPB (0.45 <x <
0.54). This discontinuity is present in both of the finer composition sets that were pyrolyzed at temperatures of 350  C

FIG. 3. Thermal conductivity (j) of PZT thin films with various solidsolution compositions, x, fabricated with pyrolysis temperatures of 350  C
(blue squares) and 400  C (red circles). The black dashed vertical lines
denote the locations of the phase boundaries from Fig. 1 at 20  C. The blue
and red dashed vertical lines highlight the observed discontinuities in j
around the MPB for the 350  C (fine-grained) and 400  C (large-grained)
pyrolysis sample sets.
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FIG. 4. Fits of Eq. (1) to bulk data for
(a) PbTiO328 and (b) PbZrO329,30 to
extract impurity and Umklapp scattering coefficients. Solid magenta lines
denote total thermal conductivity
which is the sum of the contribution
from the acoustic modes (jAM , blue
dashed lines), modeled by a sine-type
dispersion, and the optical models calculated using the minimum limit (jML ,
red dashed lines), using a Debye-type
dispersion.

and 400  C to yield different average grain size morphologies (<100 nm average diameter at 350  C; > 500 nm average diameter at 400  C). Since the discontinuity is present in
both cases, the existence of the discontinuity appears to be
unrelated to grain size. Apart from this region, the thermal
conductivity is approximately 1.2 6 0.2 W m1 K1 and can
be attributed to the strong scattering of high-frequency phonons via a variety of point defect-scattering mechanisms,
including mass-disorder and strain due to differences in
atomic radii. Interestingly, the thermal conductivity does
not increase as x decreases over the range 0 < x < 0.20,
approaching pure PbZrO3 at x ¼ 0. In most alloy systems,15,16 the trend in thermal conductivity as a function of
the composition will create a “U-shape” where the thermal
conductivities of the constitutive components (x ¼ 0, 1) are
both much greater than the thermal conductivity over 0.20
< x < 0.80. However, the PZT system does not exhibit this
U-shaped symmetry as a function of the composition with
the thermal conductivity of thin film PbZrO3 measuring 44%
lower than thin film PbTiO3 (1.25 and 2.25 W m1 K1,
respectively).
While there are published measurements of the thermal
conductivity of bulk ceramic PbZrO3 from 2–40 K (Ref. 29)
and 345–530 K (Ref. 30), there remains a gap in measured
thermal conductivities from 40–345 K (cf. Fig. 4).
Nonetheless, the temperature trends in these two published
data sets suggests a relatively short phonon mean free path
of a significant portion of heat carrying vibrations within the
material, on the order of some fraction of the unit cell size,
leading to an amorphous/glass-like trend in the temperature
dependence of the thermal conductivity. This glass-like trend
is markedly different from that of bulk PbTiO3, which exhibits a clear maximum in thermal conductivity around 40 K,
and decreases for increasing temperature—a trend typically
observed in crystalline materials due to Umklapp scattering.31 As a result, it is reasonable to postulate that the considerable difference in the thermal conductivities of thin film
PbZrO3 and PbTiO3 is driven by the intrinsic properties of
the materials and not an extrinsic size effect.
In order to confirm this postulation, bulk samples of
PbZrO3 (x ¼ 0), 70/30 PZT (x ¼ 0.30), and 30/70 PZT
(x ¼ 0.70) were fabricated to verify that the observed trends
in the thin film samples extended to the bulk as well. The
thermal conductivities of these samples are plotted in the
inset of Fig. 5 (black diamond), along with the bulk data for

PbTiO3 from Ref. 28 (white diamond) and bulk data for samples around (Ref. 10, upward triangles) and at (Ref. 11,
downward triangle) the MPB. Similar to the thin film data,
the thermal conductivity decreases dramatically for x < 1.0,
ultimately asymptoting to a thermal conductivity of
1.57 6 0.13 W m1 K1 for bulk PbZrO3. This value for
PbZrO3 compares well with the porosity-corrected value
reported in Ref. 30 of 1.79 W m1 K1 measured at a temperature of 345 K.
IV. DISCUSSION

One of the potential causes for the large difference in
bulk thermal conductivities between stoichiometrically similar materials such as PbTiO3 and PbZrO3 may be explained
by the nature of their respective ferro-distortions that make
them technologically relevant. In the case of PbTiO3, as the
crystal goes from cubic to tetragonal below the Curie temperature (approximately 500  C), there is a shift of the TiO6

FIG. 5. Thermal conductivity of PZT thin films plotted with the model from
Eq. (1). The data and model related to samples pyrolyzed at 350  C are
denoted by blue squares and dashed blue line, respectively, while the data
and model related to samples pyrolyzed at 400  C are denoted by red circles
and dashed red line, respectively. Inset: Thermal conductivity of bulk PZT
with various solid-solution compositions. Black diamonds represent samples
fabricated and measured as part of this work, white diamond from Ref. 28,
upward triangles from Ref. 10 and downward triangle from Ref. 11. The
dashed black line is the model from Eq. (1) with film boundary and grain
boundary scattering omitted. The black arrow highlights the discontinuity in
j based on literature values for bulk materials around the MPB.
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octahedra along the c-axis, which ultimately results in a
spontaneous polarization vector along the same crystal axis.
Though the crystal is distorted, the number of atoms in the
unit cell (5) remains unchanged, translational symmetry is
maintained, and the unit cell volume remains approximately
the same (cubic: 0.0625 nm3; tetragonal: 0.0633 nm3; calculated using lattice parameters from Ref. 32). By comparison,
PbZrO3 goes from cubic to orthorhombic below its Curie
temperature (approximately 200  C) where the ZrO6 octahedra are tilted relative to the pseudo-cubic axes in the a a co
scheme of Glazer (Refs. 33 and 34). The tilting of the octahedra breaks the translational symmetry, resulting in an
orthorhombic structure with more atoms in the unit cell (40)
and a much larger unit cell volume (cubic: 0.0720 nm3;
orthorhombic: 0.5651 nm3). However, despite this increase
in the unit cell volume to establish a new minimum repeating
unit, the atomic density of PbZrO3 is not very different from
that of PbTiO3, suggesting that the zone center phonon
velocities (i.e., sound speeds) and maximum phonon frequencies may still be quite similar between the two materials
despite their different structures. This is indeed the case, as
discussed in detail in Appendix A and tabulated in Table II
in Appendix F.
It is interesting to note that a similar discontinuity in the
thermal conductivity across the MPB also appears in the
bulk data reported in Refs. 10 and 11, where j decreases by
roughly 26.5% within the vicinity of the MPB (the specific
compositions for the PKR-7 M and PKR-8 materials in Ref.
10 are not reported; only that they correspond to the rhombohedral and tetragonal sides of the MPB, respectively). The
discontinuity in the thin film data is present in both of the
finer composition sets (0.42 < x < 0.54) pyrolyzed at temperatures of 350  C and 400  C, which represents the smallgrained and large-grained samples, respectively, albeit with
slightly different degrees of abruptness. For the 350  C samples, the measured value of j decreases by 23% between
0.48 <x < 0.51, while for the 400  C samples, j decreases
by 20.3% between 0.51 <x < 0.54.
Since the discontinuity appears in all three of the aforementioned data sets spanning fine-grained, thin films to bulk
samples, this suggests that it is caused by an intrinsic property of the PZT solid-solution in the vicinity of the MPB and
speaks to the complex crystallographic landscape near the
MPB composition in PZT. The crystal symmetry of PZT
compositions both at and adjacent to the MPB has been studied extensively for decades to understand the nature of the
transition to/from rhombohedral and tetragonal symmetry, as
well as its impact on the piezoelectric, elastic, and dielectric
properties.8,35,36 In particular, the elastic stiffness has been
shown to be extremely sensitive to composition around the
MPB, decreasing by 15%–35% at the MPB compared to
adjacent tetragonal compositions.35 Given the direct correlation between elastic moduli and the speed of sound in a
material, it is possible that the observed discontinuity in j is
due to a decrease in the phonon velocities at and around the
MPB compositions. Furthermore, the existence of an intermediate monoclinic phase had been presented37 and explored
relatively recently via a variety of techniques including synchrotron x-ray diffraction,38,39 Raman spectroscopy,40,41 and

J. Appl. Phys. 121, 205104 (2017)

neutron powder diffraction.42 Specifically, Ref. 38 reported
a significant change in the volume of the unit cell
3
(135:15Å ) for the monoclinic phase at x ¼ 0.46 and 0.47
3
compared to the adjacent rhombohedral (67:97Å ) and
3
tetragonal (67:35Å ) regions. This increase in unit cell volume results in a contraction of the Brillouin zone, presumably affecting the phonon energy spectra and Umklapp
scattering rates. We also cannot rule out the possibility of
changes in the phonon-ferroelastic domain boundary scattering rates43,44 associated with variations in the ferroelastic
domain boundary densities as a function of PZT composition.45 Similarly, while the existence of the discontinuity
appears to be independent of grain size, the composition at
which it occurs could be related to the influence of grain size
on the ferroelastic domain structure/density,46 ultimately
impacting the elastic properties and/or phononic scattering
within the material, as mentioned previously.
To provide insight regarding the overall impact of
various phonon scattering mechanisms on the thermal conductivity of PZT solid-solutions, we seek to develop a semiclassical kinetic theory model for phonon thermal conductivity in PZT as a function of composition (x) similar to that
which has been applied to other material systems.16,17,19,47
One of the major challenges in applying the framework laid
out in Refs. 16, 17, 19, and 47 to the PZT material system
was how to employ the virtual-crystal approach using two
materials with such different temperature trends for j. In the
Si1–xGex (Ref. 15) and AlxGa1–xN (Ref. 16) systems, the two
materials that comprise the binary alloy system both exhibit
crystalline temperature trends for j. As a result, the virtualcrystal assumption of probabilistic atomic occupation within
a common crystal structure is purportedly valid, and models
using Debye-type dispersions provide a good agreement
with the measured data. In each of the referenced cases, the
Umklapp and inherent impurity scattering coefficients of the
parent materials are extracted by fitting the Debye-based
models to bulk, single-crystalline data and the effective scattering constants at various alloy compositions are simply a
stoichiometric average of the material constants. In general,
these scattering constants of the parent materials are both
fairly comparable and relatively weak due to the high quality
of the measured crystals, as well as the simplicity of the crystal structures. Therefore, when the two parent materials are
mixed together, the effect of mass-impurity and/or atomicbonding considerations toward the Rayleigh-like scattering
of high-frequency phonons via point defects/anomalies is
clearly shown to be a dominant scattering mechanism across
much of the compositional range.
However, the situation in the PZT material system is
expected to be quite different from these simpler systems for
several reasons, highlighted by the markedly different temperature trends in j of the end members (i.e., PbZrO3 and PbTiO3).
The perovskite ABO3 crystal structure of both oxides results in
15 phonon branches along a given direction of the phonon dispersion (basis of 5 atoms per lattice point). As a result, a
Debye-based model for thermal conductivity that includes phonon energies in the vicinity of the 12 optical phonon branches
is susceptible to a significant over-estimation of the heatcarrying ability of the optical modes. This can ultimately result
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in poor estimates for the Umklapp and impurity scattering
coefficients when fitting to bulk data, with the error expected
to be magnified for increasingly complex crystal structures.
Additionally, the lack of measured data for the phonon
branches at room-temperature of both orthorhombic PbZrO3
and tetragonal PbTiO3 precludes the possibility of employing a
model using the real dispersions of these perovskites as demonstrated for SrTiO3 in Ref. 48.
On the other hand, a truncated Debye or similar model,
which focuses on the acoustic phonon modes and omits the
optical phonons can also be problematic. Though the optical
modes may have much lower phonon group velocities compared to their acoustic counterparts and, therefore, carry
comparatively less heat, their inclusion in any model for j is
essential to accurately represent the heat capacity (Cv) of a
material.49 In materials like PbZrO3 and PbTiO3, in which
12 of the 15 total phonon branches are optical modes, the
inclusion of these modes is critical in making an accurate
estimate of Cv.
The approach we take here is to calculate j as a sum of
contributions from the acoustic modes (jAM , approximated
by a sine-type dispersion) and the optical modes assuming
minimum limit scattering conditions (jML , approximated by
a Debye-type dispersion). This hybrid-approach has been
applied previously in studies on Bi2Te350 and allows us to
extract the Umklapp and impurity scattering coefficients
from the acoustic modes, while also providing a reasonable
estimate for Cv by including the optical modes. In order to
ensure that the Debye-based approximation for the dispersion of the optical modes does not lead to an over estimation
of their heat carrying ability, the optical contribution to
j is calculated according to the minimum limit,51 which
assumes that phonon scattering occurs at a length scale limited by half of a period of oscillation of the atom. The
details concerning the calculation and application of this
hybrid model towards the extraction of the scattering constants from bulk data for PbTiO3 and PbZrO3 can be found
in Appendices B–E.
Figure 4 depicts the use of this hybrid model to fit for
the scattering constants using bulk data from the literature
for (a) PbTiO3 and (b) PbZrO3. In the plots for each material,
the contributions to j from both the acoustic modes (blue
line, dashed) and minimum limit calculation (optical modes;
red line, dashed), as well as their sum to yield the total j
(magenta line, solid) are plotted along with the bulk data
used for fitting. In the case of the PbTiO3 data, we can see
that the majority of the total j is due to the acoustic modes,
while the contribution from the optical modes assuming minimum limit considerations is relatively minimal. This is to be
expected given the trend with temperature for the bulk
PbTiO3 data, which is typical of crystalline systems. By
comparison, the case for PbZrO3 is quite different due to the
glass-like temperature trend and reduced magnitudes for j.
As a result, the calculated minimum limit associated with the
optical modes provides a greater contribution to the total j,
becoming the dominant contribution at temperatures greater
than 100 K. The acoustic modes dominate the total j at low
temperatures, and the extraction of the impurity and
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Umklapp scattering constants primarily comes from the
agreement between the data and model for T  100 K.
Due to a lack of detail available regarding the physical
dimensions of the samples and their microstructures that were
measured in Refs. 28–30, phonon scattering due to external
and/or internal boundaries or interfaces was omitted from the
model when performing the fits. It is important to note that
both the impurity and Umklapp scattering coefficients from
the PbZrO3 data are much larger than the values fit for
PbTiO3 (detailed in Appendix D). These larger values for the
scattering coefficients are required to provide the agreement
between the model and data at low T. This fact broaches a
hitherto unanswered question regarding the cause of the glasslike temperature trend for j in not just PbZrO3, but other
perovskite oxides such as NaNbO3, another antiferroelectric
perovskite.28 While the origin of the glass-like trend in the
thermal conductivity of PbZrO3 and similar materials is not
the focus of this work, the assumptions employed in this work
to move forward with an alloy model for PZT are detailed in
Appendix E.
Having extracted the impurity and Umklapp scattering
rates for both PbTiO3 and PbZrO3, we can then employ the
virtual crystal approaches in Refs. 16, 17, and 19 to our
hybrid-model for an expression describing j as a function of
composition (x) in PZT. As detailed in Appendix E, for fitting to the bulk j data versus temperature, the total thermal
conductivity is the sum of the contributions from the acoustic
modes (jAM ) and the calculated minimum limit for the optical modes (jML ), both derived as a function of x
jðxÞ ¼ jAM ðxÞ þ jML ðxÞ:

(1)

As for the bulk data of the parent materials, the model
assumes a sine-type dispersion for the acoustic modes in calculating jAM and a Debye-type dispersion for the optical
modes in calculating the minimum limit jML associated with
those phonons. In order to calculate jðxÞ for the virtual crystal, several properties are calculated as stoichiometric averages of the properties of the parent materials based on the
composition including the phonon velocities, cutoff frequencies, and scattering constants. A detailed discussion of the
calculations, assumptions, and material properties used for
PbTiO3 and PbZrO3 can be found in the Appendices and tabulated in Table II.
Figure 5 plots the model along with the thin film and
bulk PZT data (inset). For the bulk model, phonon scattering
due to boundaries is assumed negligible and omitted due to
the large sample sizes and grain morphologies. The model
compares quite well with the measured data, resulting in a
decrease in jðxÞ as x decreases from 1 (pure PbTiO3) to 0
(pure PbZrO3). As the relative fraction of PbZrO3 increases
as x decreases, the influence of the larger scattering constants
for PbZrO3 reduces the predicted phonon scattering lifetimes, thereby driving down the calculated jðxÞ. The intent
of the model is to capture the general trend for the PZT
solid-solution system over the entire compositional range.
The extension of this model to include the discontinuity
around the MPB is, thus, beyond the scope of this current
manuscript.

205104-8

Foley et al.

For the thin film models plotted in Fig. 5, phonon scattering rates due to both film and grain boundaries were
included in the calculation of Eq. (1). This film thickness
value was assumed to be 300 nm since all the films in this
study had thicknesses close to this value. The average grain
size, dg;avg , used in the model was set to 443 nm for the samples pyrolyzed at 400  C and 95 nm for the 350  C pyrolyzed
samples. As the value of dg;avg decreases with decreasing
pyrolysis temperature, the rate of phonon boundary scattering increases and the calculated jðxÞ decreases as a result.
This reduction in jðxÞ is primarily driven by the scattering of
the lower frequency, longer wavelength phonons that are not
impeded by the mass or strain-based point defect scatterers
associated with the alloy system. The reduction in jðxÞ due
to boundary scattering is slightly larger for compositions on
the PbTiO3 (x ¼ 1) side of the diagram compared to the
PbZrO3 (x ¼ 0). This can likely be attributed to the larger
degree of overall scattering occurring on the PbZrO3 side of
the diagram, which leaves little room for additional phonon
scattering to have much of an observed effect.
In general, the model does a reasonable job of capturing
the general shape of the measured thin film data as a function
of x, although with an overestimate for the magnitude of the
thermal conductivities. This is interesting given how well the
model for jðxÞ agrees with the bulk PZT data, suggesting the
presence of an additional phonon scattering mechanism in
the thin film PZT samples for which the model does not
properly account. While differing grain sizes and point
defect concentrations are present in these thin films as compared to bulk, one additional possibility is the effect of phonon scattering at ferroelastic domain walls. Ferroelastic
domain walls have been shown to be effective phonon scattering sites in BiFeO3 thin films,44 as well as bilayer PZT
heterostructures.43 These ferroelastic domain walls can have
widths and inter-domain spacing on the order of tens of
nanometers, resulting in further reduction of phonon mean
free paths and subsequently driving down the observed j.
The bulk ceramics, with grain sizes in excess of 0.75 lm, are
expected to have much larger domains, and thus the contribution of the domain walls to phonon scattering is limited.
Further experiments are necessary to isolate the impact of
ferroelastic domain walls in a complex phonon scattering
environment such as that in PZT.
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dependence of thermal conductivity is relatively constant for
most values of x. This is in stark contrast with the typical
trends of thermal conductivity with x in alloys, where the
thermal conductivity increases dramatically as the composition of the alloy or solid-solution approaches that of a pure
parent material (i.e., as x ¼ 0 or 1). Furthermore, the comparison between bulk and thin film materials highlights the sensitivity of j to size effects such as film thickness and grain
size in even the most disordered alloy/solid-solution materials. The model for jðxÞ developed as part of this work provides a method to apply the virtual crystal approximation for
alloy-type material systems even when the parent materials
have very different trends for j as a function of temperature.
One of the additional outcomes of this work is the observation of a discontinuity in j in the vicinity of the morphotropic phase boundary (MPB, x ¼ 0.48), where there is a
20%–25% decrease in j in our thin film data, as well as in
literature data for bulk materials. Given the fact that the
MPB composition is one of the most important due to the
observed enhancement in the dielectric and piezoelectric
properties of PZT materials, it is critical that engineers are
aware of this reduction in j and how it may impact their
intended application. Furthermore, MPBs exist in several
other lead-based52,53 and lead-free54,55 solid-solution material systems, suggesting that the observations made here may
apply more broadly to a much wider material space.
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V. CONCLUSIONS

APPENDIX A: PSUEDO-TETRAGONAL
APPROXIMATION FOR THE CRYSTAL STRUCTURE OF
PbTiO3 AND PbZrO3

This work represents a thorough investigation of the
thermal conductivity (j) in both thin film and bulk
PbZr1–xTixO3 (PZT) across the entire compositional phase
diagram. Given the technological importance of PZT as a
functional material in devices and systems, impacting a wide
array of industries, this research serves to fill the gap in
knowledge regarding the thermal properties. The thermal
conductivity of both thin film and bulk PZT vary by a considerable margin as a function of composition (x), driven by
the large difference in j of the constituent materials PbZrO3
and PbTiO3. We show that in the case of crystalline solidsolutions where the thermal conductivity of one of the parent
materials exhibits glass-like properties, the compositional

For the purposes of this work, we have employed a
pseudo-tetragonal approximation for the unit cell structures
of both PbTiO3 and PbZrO3 at temperatures below their
respective Curie temperatures (Tc ). The effective lattice
parameter (aeff ) is calculated as the cube root of the unit cell
volume for tetragonal PbTiO3 (0.0633 nm3; calculated using
lattice parameters from Ref. 32) and is applied to both materials. This approximation results in a different value for aeff
compared to what would be calculated using the orthorhombic unit cell parameters of PbZrO3 (orthorhombic cell volume: 0.5651 nm3).56 While the argument can be made that
the orthorhombic cell volume should be used in order to
make an accurate estimate of the Brillouin zone size and
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ultimately the anharmonic phonon-phonon scattering rates,
we believe that a pseudo-tetragonal approximation can be
employed in this case on the basis of (a) the similarity
between the calculated atomic densities of PbTiO3 and
PbZrO3 and their related Debye cutoff frequencies, and (b) a
discussion of the orthorhombic crystal structure of PbZrO3.
By assuming a simple Debye model for the phonon dispersion, the maximum phonon frequency can be calculated
according to
xj;max ¼ vj ð6p2 nÞ1=3 ;

(A1)

where vj is the modal sound velocity (longitudinal or transverse) for the particular material in question and n is the
atomic density of the material.57,58 The atomic density of a
given material is calculated via
n¼

qgf NA
;
M

(A2)

where q is the density of the material, gf is the number of
atoms in the formula unit, NA is Avogadro’s number, and M
is the molecular weight of the material. According to Eq.
(A2) and using the parameters listed in Table II, the atomic
densities for PbTiO3 and PbZrO3 are 78.48 nm3 and
69.36 nm3, respectively. It should be noted that these calculations use the number of atoms in the formula unit (5),
which is the same for both PbTiO3 and PbZrO3 and not the
number of formula units in the unit cell of the material in
question. In that case, there is one formula unit in the tetragonal unit cell of PbTiO3, while there are 8 formula units in
the orthorhombic unit cell of PbZrO3. However, Eq. (A2) is
only concerned with the number of atoms per unit volume,
not the volume of the minimum repeatable unit of the crystal
structure. When the calculated maximum phonon frequencies according to Eq. (A1) using the longitudinal and transverse sound velocities in Table II are compared to one
another, we find that the resulting values are quite close, suggesting that the phonon spectra may still be quite similar
between the two materials despite their different structures.
This observation indicates that the use of a pseudo-tetragonal
unit cell with one formula unit of either material may be a
reasonable assumption going forward. This assumption will
be evaluated quantitatively in the subsequent calculation of
the heat capacity (Cv ) later in the supporting information.
An additional line of reasoning for the pseudotetragonal unit cell approximation comes from a qualitative
examination of the PbZrO3 crystal structure. Over a period
from the 1940s to the 1990s, several works were published
examining the details of the crystal structure,34,59–61 primarily motivated by explaining the antiferroelectric and ferroelectric behavior that had been observed in various electrical
measurements.62,63 Several of these previous works had
hypothesized that the structure could be pseudo-tetragonal
and that the very weak diffraction peaks in their experimental data (x-ray and neutron) could be excluded from their
space group assignments on the basis of possible disorder in
the oxygen sub lattice.34 While the crystal structure would in
fact be confirmed as orthorhombic by including these weak

superlattice-like reflections in the diffraction data from high
quality PbZrO3 single crystals,61 the idea that the crystal system could be simplified to a prototypical perovskite cell
structure with the octahedral tilts being categorized as a type
of disorder is particularly interesting, especially in the context of the observed defect structure in low-to-mid-quality
material.34,64 One of the primary defects discussed in both
diffraction34 and TEM64 studies are slip/shear planes. These
defects are attributed to disruptions in the commensurate tilt
structure of the ZrO6 octahedra in the orthorhombic unit cell,
the result of which is a slip plane along the c-axis by onehalf unit cell to correct the crystal periodicity. TEM images
of PbZrO3 samples have shown that the periodicity of these
planar defects can be as short as 7 nm, indicating that the
density of these defects can be extremely high.64 When we
consider the fact that (a) the orthorhombic unit cell of
PbZrO3 consists of eight tilted pseudo-tetragonal perovskite
cells and (b) the defect density due to disruptions in the octahedral tilt system can be extremely high, we therefore,
believe that it is reasonable to approximate the phonon spectrum in this material through the pseudo-tetragonal perovskite unit cell on the basis that in several ways, it can, in
fact, be considered the minimum repeatable structure in the
crystal system with a subsequently superimposed octahedral
tilt system.
APPENDIX B: HYBRID DISPERSION DEFINITIONS FOR
PbTiO3 AND PbZrO3

The hybrid dispersions assumed in the model calculations in this work are a combination of a sine-type dispersion
to account for the acoustic modes and a Debye-type dispersion for the optical modes. The sine-type dispersion is
defined for all allowable wavevectors (k) along the (100)
crystal direction, ranging from 0 (zone center) to kmax ¼ 2p/
aeff where aeff is the effective lattice parameter calculated as
the cube root of the unit cell volume. The sine-type dispersion is given by


kmax
;
(B1)
xj ¼ xA;j sin
2
where xA;j is the maximum phonon frequency at the zone
boundary for a particular acoustic mode j. The values of xA;j
were extracted for tetragonal PbTiO3 from measured data
gathered via inelastic neutron scattering.65 Due to a lack of
measured data for the phonon dispersion of PbZrO3 below
the Curie temperature (Tc ), the values for xA;j in PbZrO3
were estimated by scaling the values for PbTiO3 according
to the difference in longitudinal and transverse sound speeds
between the two materials. These sound speeds and calculated values of xA;j for both materials are given in Table II.
The Debye-type dispersion is defined over the interval
of phonon frequencies from xA;j  x  xD;j . The maximum
frequency of this interval is defined as xD;j ¼ vj kmax , where
vj is the modal group velocity for the particular material in
question and is assumed constant for all phonon frequencies
in the interval. The inclusion of the Debye-type dispersion is
to account for the optical modes of both PbTiO3 and PbZrO3
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in the subsequent development models for Cv and j. The
tetragonal crystal structure of PbTiO3 has a total of 15 phonon branches along a given direction of the phonon dispersion (basis of 5 atoms per lattice point); 3 acoustic modes
and 12 optical modes.

heat capacity. In both cases, the calculated Cv;tot over estimates the heat capacity compared to the measurements from
literature by roughly 20% at room temperature. However,
this amount of error is reasonably acceptable compared to
the alternative should the optical modes be ignored.

APPENDIX C: HEAT CAPACITY CALCULATION USING
HYBRID DISPERSIONS

APPENDIX D: EXTRACTION OF IMPURITY AND
UMKLAPP SCATTERING CONSTANTS

To evaluate the accuracy of our assumptions regarding
the application of a hybrid dispersion for PbTiO3 and
PbZrO3, we can plot the volumetric heat capacity calculated
using this dispersion and compare the results to measured
data in the literature. The expression for the volumetric heat
capacity (Cv ) is
ð
@fBE
dx;
(C1)
Cv ¼ hxD
@T

In order to create an alloy model for the thermal conductivity of PZT as a function of composition, we need to estimate the impurity and Umklapp scattering coefficients for
PbTiO3 and PbZrO3. The approach we take here is to formulate an expression for the temperature dependent thermal
conductivity (j) of each material and fit this expression to
measured data from the literature to extract these scattering
coefficients. j is defined as a sum of contributions from the
acoustic modes (jAM , approximated by a sine-type dispersion) and the optical modes (jML , approximated by a Debyetype dispersion and minimum limit scattering time)

x

where x is the phonon angular frequency, D is the phonon
density of states and fBE is the Bose-Einstein distribution
function. In the case of our hybrid dispersion, the total heat
capacity (Cv;tot ) is defined as the sum of contribution from
the sine-type part of the dispersion, as well as the Debyetype section, integrated over their respective phonon frequency ranges
Cv;tot ¼ Cv;AM þ Cv;OM
ð
ð
@fBE
@fBE
dx þ hxDDebye
dx:
¼ 
hxDsine
@T
@T
xA

(C2)

xD

If we substitute the appropriate expressions for
Dsine ; DDebye and @fBE =@T into their respective equations, the
resulting expressions for the contribution to Cv from the
acoustic modes (sine-type dispersion, Cv;AM ) and the optical
modes (Debye-type dispersion, Cv;OM ) are
xðA;j


4arcsin2 x=xA;j
2 X
h
2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x
Cv;AM ¼ 2

2
p kB T 2 j
a3 p2 xA;j 1  x=xA;j
0
h i
exp hkBxT
 h i
2 dx;
hx  1
exp 
kB T
h i
xðD;j
hx
2
4
exp
X
h

x
kB T
Cv;OM ¼ 2
 h i
2 dx;
2p kB T 2 j
v3j
h

x
exp kB T  1
xA;j

ðC3Þ

(C4)

where summations over three total phonon modes j, (one longitudinal, two transverses) are also included.
By using the parameters listed in Table II, the calculated
heat capacities are plotted in Figures 6(a) and 6(b) along
with measured data from Ref. 27 for PbTiO3 and PbZrO3,
respectively. As we can see, the sine-type acoustic modes
contribute considerably less to Cv;tot compared to the Debyetype optical modes, highlighting the importance of including
these optical modes towards an accurate estimate of the total

j ¼ jAM þ jML ¼

1X
1X
Cv;AM v2j stot;j þ
Cv;OM v2j smin;j ;
3 j
3 j
(D1)

where Cv;AM and Cv;OM are the volumetric heat capacities
from the acoustic and optical modes, respectively, vj is the
modal sound speed (longitudinal or transverse), stot;j is the
parallel combination of various phonon scattering processes via Mattheisen’s rule,57 and smin;j is the expression
for phonon scattering at every atom in a crystal
(smin;j ¼ p=xj ).66
The expression for jAM can be expanded by substituting
for Cv;AM using Eq. (C3)

jAM

xðA;j


4arcsin2 x=xA;j
h2 X
2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ 2
x
s
tot;j

2
3p kB T 2 j
a3 p2 xA;j 1  x=xA;j
0
h i
exp hkBxT
ðD2Þ
 h i
2 dx;
exp hkBxT  1

where xA;j is defined in Eq. (B1). For the purposes of fitting the model to bulk data, effects due to phonon scattering at both grain and sample boundaries are assumed to be
negligible and the expression for stot;j via Mattheisen’s rule
is
stot;j ¼ ðsu;j þ sa;j Þ1 ;

(D3)

where su;j is related to Umklapp scattering and is given by
su;j ¼ BPTO=PZO Tx2 exp 

HPTO=PZO
3T

1

;

(D4)

where BPTO=PZO is the Umklapp scattering coefficient
for either PbTiO3 (PTO) or PbZrO3 (PZO) and
HPTO=PZO is the Debye temperature for either PTO or
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FIG. 6. Calculated volumetric heat capacities (Cv;tot ) for (a) PbTiO3 and (b) PbZrO3. Using the hybrid dispersion discussed in Appendix B, contributions from
acoustic modes (sine-type dispersion) are plotted as dashed blue lines, optical modes (Debye-type dispersion) are plotted as dashed red lines and the total heat
capacity is plotted as a solid magenta line. Calculated values are compared to experimental data for the volumetric heat capacities of PbTiO3 and PbZrO3 from
Ref. 27.

PZO, given in Table II. Additionally, sa;j is related to
phonon scattering at point defects and/or impurity atoms
and is given by
h
i1
sa;j ¼ APTO=PZO x4 ;
(D5)
where APTO=PZO is the impurity scattering coefficient for
either material in question.
Similarly, the expression for jML can be expanded by
substituting for Cv;OM using Eq. (C4)
h i
xðD;j
hx
2
4
exp
X
h

x
kB T
smin;j
jML ¼ 2
 h i
2 dx; (D6)
6p kB T 2 j
vj
exp hkBxT  1
xA;j
where xD;j was introduced previously. In order to ensure that
the Debye-based approximation for the dispersion of the optical modes does not lead to an over estimation of their heat
carrying ability in the calculation of jML it is critical that
smin;j is applied for the phonon relaxation time in order to
constrain this portion of the model via minimum limit
considerations.51
By fitting the model for j described by Eq. (1) through
(D6) to data from Ref. 28 for PbTiO3 and from Refs. 29 and
30 for PbZrO3 via a least-squares fitting routine, we can determine the values of APTO=PZO and BPTO=PZO for each material.
These values for the extracted scattering coefficients are
as follows: APTO ¼ 86  1042 s3, APZO ¼ 440  1042 s3,
BPTO ¼ 1.944  1018 s K1, BPZO ¼ 30.1  1018 s K1.
Plots of the calculated models and their comparison/fit to the
literature data can be found in the main manuscript.
APPENDIX E: ALLOY MODEL FOR THERMAL
CONDUCTIVITY OF PZT

Having extracted the impurity and Umklapp scattering
coefficients for both PbTiO3 and PbZrO3, we can then
employ the virtual crystal approaches in Refs. 16, 17, 19,

and 47 to our hybrid-model for an expression describing j as
a function of composition (x) in PZT. As employed for fitting
to the bulk j data versus temperature, the total thermal conductivity is the sum of the contributions from the acoustic
modes (jAM ) and the optical modes (jML ), both derived as a
function of x
jðxÞ ¼ jAM ðxÞ þ jML ðxÞ:

(E1)

As for the bulk data of the parent materials, the
model assumes a sine-type dispersion for the acoustic
modes in calculating jAM and a Debye-type dispersion
for the optical modes with minimum limit assumptions
for phonon scattering in calculating jML associated with
those phonons. The expressions for jAM and jML in Eq.
(E1) are
h2 X
jAM ð xÞ ¼ 2
3p kB T 2 j

xA;j
ððxÞ

x2 stot;j ð xÞ

0



4arcsin2 x=xA;j ðxÞ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


2
a3 ðxÞp2 xA;j ð xÞ 1  x=xA;j ð xÞ
h i
exp hkBxT
 h i
2 dx;
exp hkBxT  1

h2 X
jML ðxÞ ¼ 2
6p kB T 2 j
h

xD;j
ððxÞ

smin;j

(E2)

x4
v j ð xÞ

xA;j ð xÞ

i
exp hkBxT
 h i
2 dx;
exp hkBxT  1

(E3)
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where the summation is over the three acoustic phonon
modes (one longitudinal, two transverse) and j denotes the
particular mode, and vj ðxÞ is the phonon group velocity.
In order to calculate jðxÞ for the virtual crystal,16,17,19,47
several properties are calculated as stoichiometric averages
of the properties of the parent materials based on the composition, including the phonon velocities, effective lattice
parameters and the impurity scattering constant
h
i1=2
2
þ
xv
;
vj ðxÞ ¼ ð1  xÞv2
j;PZO
j;PTO

(E4)

aðxÞ ¼ ð1  xÞaPZO þ xaPTO ;

(E5)

Aalloy ðxÞ ¼ ð1  xÞAPZO þ xAPTO :

(E6)

In Eq. (E2), stot;j is the phonon scattering time and is a function of x where the scattering rates due to various phonon
scattering mechanisms are combined via Mattheisen’s rule57
1
1
1
1
stot;j ðxÞ ¼ ðs1
u;j ðxÞ þ sa;j ðxÞ þ sfb;j ðxÞ þ sgb;j ðxÞÞ :

(E7)

The expressions for each of the individual mechanisms
combined in Eq. (E7) are defined following:16,17,19,47
su;j ð xÞ ¼ ð1  xÞBPZO Tx2j exp 

1

HPTO
;
3T
h
i1
sa;j ðxÞ ¼ xð1  xÞAalloy ðxÞx4j
;
#1
vj ð xÞ
;
sfb;j ðxÞ ¼
df
"
#1
vj ðxÞ
:
sgb;j ð xÞ ¼
dg

PbZrO3
Crystal structure

Orthorhombic

Ref. 56

Formula units per unit cell
Orthorhombic unit cell volume (VPZO , nm3)
Pseudo-tetragonal unit cell dim.
(a  b  c, Å)
Pseudo-tetragonal unit cell volume
(VPZO , nm3)
Density (qPZO , g cm3)
Longitudinal elastic modulus (MPZO , GPa)
Shear elastic modulus (GPZO , GPa)
Bulk modulus (EPZO , GPa)
Longitudinal acoustic velocity (vLA , m s1)
Transverse acoustic velocity (vTA , m s1)
Atomic density (nPZO , nm3)
Volumetric heat capacity (Cv;PZO , J cm3
K3)
Linear thermal expansion (bPZO , K1)
Debye temperature (hD , K)
Average atomic mass (MA , amu)

8
0.5651
4.161  4.161
 4.110
0.0712

Ref. 56
Calc.
Ref. 59

7.98
190
59
111.33
4928
2746
69.36
2.56

Ref. 67
Ref. 68
Ref. 68
Calc.
Ref. 68
Ref. 68
Calc.
Ref. 27

9.2  106
391
69.285

Ref. 69
Ref. 29
Calc.

Crystal structure

Tetragonal

Ref. 70

Unit cell dimensions (a  b  c, Å)

3.91  3.91
 4.14
1
0.0633
7.40–7.80
240
92.0
86.9
5066
3300
78.48
2.72

Refs. 70
and 71
Ref. 70
Calc.
Ref. 72
Ref. 73
Ref. 73
Calc.
Ref. 74
Ref. 74
Calc.
Ref. 27

3.3  106
394
60.61

Ref. 75
Ref. 76
Calc.

Calc.

PbTiO3

HPZO
3T

þxBPTO Tx2j exp 

TABLE II. (Continued.)

(E8)
(E9)

"

(E10)

(E11)

In Eq. (E3), smin;j is the minimum phonon scattering time
assuming that phonon scattering occurs at every atom in the
crystal66
p
smin;j ¼ :
(E12)
xj
The calculations using the model described by Eqs.
(E1)–(E12) are plotted in Figure 5. The material properties
of PbTiO3 and PbZrO3 used in these calculations are summarized in Table II.
APPENDIX F: MATERIAL PROPERTIES FOR PbTiO3
AND PbZrO3

TABLE II. Material properties for PbZrO3 and PbTiO3 used in the model
for jðxÞ.
PbZrO3
Crystal structure

Orthorhombic

Ref. 56

Orthorhombic unit cell dimensions
(a  b  c, Å)

5.87  11.74
 8.20

Ref. 56

Formula units per unit cell
Unit cell volume (VPTO , nm3)
Density (qPTO , g cm3)
Longitudinal elastic modulus (MPTO , GPa)
Shear elastic modulus (GPTO , GPa)
Bulk modulus (EPTO , GPa)
Longitudinal acoustic velocity (vLA , m s1)
Transverse acoustic velocity (vTA , m s1)
Atomic density (nPTO , nm3)
Volumetric heat capacity
(Cv;PTO , J cm3 K3)
Linear thermal expansion (bPTO , K1)
Debye temperature (hPTO , K)
Average atomic mass (MPTO , amu)
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