Extension of the diffuse mismatch model for thermal boundary
conductance between isotropic and anisotropic materials
John C. Duda, Justin L. Smoyer, Pamela M. Norris, and Patrick E. Hopkins
Citation: Appl. Phys. Lett. 95, 031912 (2009); doi: 10.1063/1.3189087
View online: http://dx.doi.org/10.1063/1.3189087
View Table of Contents: http://apl.aip.org/resource/1/APPLAB/v95/i3
Published by the American Institute of Physics.

Related Articles
Role of ethylene on surface oxidation of TiO2(110)
Appl. Phys. Lett. 101, 211601 (2012)
Bidirectionally tuning Kapitza conductance through the inclusion of substitutional impurities
J. Appl. Phys. 112, 073519 (2012)
Communication: An obligatory glass surface
J. Chem. Phys. 137, 141102 (2012)
Pressure dependency of thermal boundary conductance of carbon nanotube/silicon interface: A molecular
dynamics study
J. Appl. Phys. 112, 053501 (2012)
Effect of nanopatterns on Kapitza resistance at a water-gold interface during boiling: A molecular dynamics study
J. Appl. Phys. 112, 053508 (2012)

Additional information on Appl. Phys. Lett.
Journal Homepage: http://apl.aip.org/
Journal Information: http://apl.aip.org/about/about_the_journal
Top downloads: http://apl.aip.org/features/most_downloaded
Information for Authors: http://apl.aip.org/authors

Downloaded 28 Dec 2012 to 137.54.10.198. Redistribution subject to AIP license or copyright; see http://apl.aip.org/about/rights_and_permissions

APPLIED PHYSICS LETTERS 95, 031912 共2009兲

Extension of the diffuse mismatch model for thermal boundary conductance
between isotropic and anisotropic materials
John C. Duda,1,a兲 Justin L. Smoyer,1,b兲 Pamela M. Norris,1,c兲 and Patrick E. Hopkins2,d兲
1

Department of Mechanical and Aerospace Engineering, University of Virginia, Charlottesville,
Virginia 22904, USA
2
Engineering Sciences Center, Sandia National Laboratories, Albuquerque, New Mexico 87185, USA

共Received 24 June 2009; accepted 7 July 2009; published online 22 July 2009兲
This model is an extension of the diffuse mismatch model 共DMM兲, tailored to accurately predict
thermal boundary conductance 共hBD兲 at interfaces where one material comprising the interface is
characterized by high elastic anisotropy. Temperature-dependent specific heat is calculated with this
vibrational model and compared to published values. Modifications to the DMM that incorporate the
vibrational model are presented with predictions of hBD at a metal-graphite interface. This model
slightly underestimates experimental data, as expected, as the large acoustic mismatch between
metals and graphite suggests inelastic scattering, something the DMM does not take into account.
© 2009 American Institute of Physics. 关DOI: 10.1063/1.3189087兴
The ability to accurately predict thermal boundary conductance 共hBD兲 at interfaces is essential for the effective design of nanostructured devices, especially thermoelectrics,1
and thermal interface materials.2 One of the most widely
implemented models for predicting hBD is the diffuse mismatch model 共DMM兲.3 The DMM assumes that all incident
phonons scatter diffusely and elastically at the interface be-

1→2 =

tween two materials. The probability of a phonon diffusely
scattering across the interface is thus related only to the occupied density of states, the phonon group velocity, and the
phonon energy on each side of the interface. The transmission coefficient from side 1 to side 2, which describes this
probability, is given by

兺3j 兰0D,jប2,jD共, 2,j兲f BEd
兺3j 兰0D,jប1,jD共, 1,j兲f BEd + 兺3j 兰0D,jប2,jD共, 2,j兲f BEd

where j is a particular polarization,  is the phonon frequency, D is the cutoff frequency,  is the phonon group
velocity, D is the density of states, and f BE is the Bose–
Einstein distribution. The elastic-only assumption included
in the development of the DMM enforces that the upper limit
for all integrals in Eq. 共1兲 is the cutoff frequency of the
material with the lower maximum vibrational frequency.
Simplifications to  can be made for interfaces between
isotropic materials such that the expression appears in a more
recognizable form. In the case where both materials that
comprise the interface are three-dimensional isotropic Debye
solids, where the three-dimensional Debye density of states
is given by

D共, 兲 =

2
,
2  2 3

integration over  in Eq. 共1兲 reduces  to
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Integration over  yields a frequency independent transmission coefficient. Still, the form of  as given by Eq. 共3兲 is
identical to the form presented by Swartz and Pohl.3 Regardless of the formation of , the DMM yields the following
expression for hBD:
3
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hBD
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While the DMM does provide an estimate of hBD due to the
difference in vibrational properties between the two materials that comprise an interface, it can largely over or underpredict experimentally determined values for many
interfaces.4,5 Modifications to the DMM have recently been
developed to account for both mixing at interfaces,6 as well
as the contribution of inelastic scattering,7 and both have
shown a great improvement in overall accuracy of the model.
This particular extension of the DMM accounts for interfaces
between isotropic and highly anisotropic materials at elevated temperatures. Example calculations are given for
metal-graphite interfaces.
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FIG. 1. 共Color online兲 The specific heat of graphite as a function of temperature from 100 to 2000 K. The solid line is the value calculated using the
effective density of states, Deff, and the data points are published values
共Ref. 8兲. As expected, this model underestimates the specific heat at lower
temperatures as a result of ignoring interlayer vibrational modes. Still, it is
evident that the model converges at the high-temperature limit.

Graphite is a highly anisotropic material, with a-axis
共within the basal plane兲 and c-axis 共perpendicular to the
basal plane兲 thermal conductivities differing by nearly three
orders of magnitude.8 Any appropriate extension of the
DMM must take this anisotropy into account. While other
models have calculated hBD at metal-graphite interfaces,9
these calculations involve derivation and integration of the
complex dispersion relations of graphite. However, for predictions of hBD at metal-graphite interfaces at temperatures
above cryogenic, the strong anisotropy of graphite allows for
certain simplifying assumptions. Interlayer bonding in graphite is very weak and is often described as a van der Waals
type interaction. The dispersion diagrams of graphite show
that the acoustic interlayer vibrations that participate in thermal transport exist at frequencies below 3 THz, one to two
orders of magnitude below the maximum longitudinal and
transverse acoustic vibrational frequencies within the basal
plane.10 Additionally, studies looking at both graphite and
carbon nanotubes have indicated that these interlayer vibrational modes saturate at temperatures above 50 K.9,11
Previous work has shown that as a result of this weak
interlayer vibrational coupling, thermal conductivity of
graphite can be determined by treating vibrations as a one- or
two-dimensional phonon gas depending on orientation.12 A
similar reduction can be made when calculating other thermal properties. At elevated temperatures, the number of
populated vibrational modes within the basal plane far exceeds the number of interlayer modes, as evident by the dispersion diagrams of graphite,10,13 and the low temperature at
which interlayer modes saturate.9,11 Thus, the vibrational
spectrum of each layer can be described by a twodimensional Debye density of states,


,
D2D共, 兲 =
22

500

Temperature (K)

共5兲

where  is the frequency of a given phonon. To determine
the density of states of an assembly of monolayers, this twodimensional density of states must be scaled by N, or the

FIG. 2. 共Color online兲 Predicted values of hBD as a function of temperature
from 50 to 500 K for the Al-graphite interface for both a- and c-axis graphite orientation. The predicted value for the a-axis orientation is over an order
of magnitude higher than for the c-axis orientation for the entire temperature
range.

number of monolayers per unit length. Thus, the effective
density of states for the graphite bulk is given by
Deff共, 兲 = N


 1
,
2 =
2
22 d

共6兲

where d = 3.35 Å is the interlayer spacing for graphite.14 Under this model, the single monolayer and the graphite bulk
have the same maximum vibrational frequency; the only
thing that differs is the number of available modes at each
frequency. Note that three polarizations are considered because the assembly of two-dimensional subsystems creates a
three-dimensional bulk system. While the vibrational modes
of each monolayer or subsystem are not coupled, forces between the subsystems are responsible for the third polarization. The electronic contribution to thermal properties is not
considered in the following derivation, as the number of effectively free electrons within the basal plane has been reported to be very low as compared to that of a typical metal
共neff = 2.3⫻ 10−4 electrons per atom兲.15
In order to validate this treatment of the vibrational
modes, the specific heat of graphite was considered. Calculations of the specific heat of crystals with a basis greater
than one must account for optical phonons via the Einstein
model in addition to the acoustic phonon contribution using
the Debye model. The formulation of the specific heat of
Debye and Einstein solids is readily available in other
references.16 From examination of the vibrational spectrum
and the dispersion diagrams for graphite,10,13 the optical
peaks occur at the acoustic cutoff frequencies for each polarization. The cutoff frequencies for each polarization are determined by

D,j =  j冑4N,

共7兲

where N is the planar lattice-point density of a single monolayer. Using this cutoff frequency, the specific heat is calculated from 100 to 2000 K.
Figure 1 shows a comparison of specific heat calculated
with the density of states given by Eq. 共6兲, the specific heat
calculated with the isotropic Debye density of states given by
Eq. 共2兲 using both a- and c-axis properties and published
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values. The specific heat calculated using Eq. 共6兲 matches the
published data well at higher temperatures and converges to
the high-temperature limit. The small discrepancy between
calculated and reported values may lie within the assumption
of the Einstein model that all optical phonons vibrate at the
same frequency. Examination of the dispersion relationships
reveals that this is not entirely accurate, but still provides a
good estimate.10 Since this model is concerned specifically
with transport, a more accurate treatment of the optical
phonons is not of primary interest since optical phonons do
not greatly contribute to thermal transport. The calculated
values of specific heat using the three-dimensional isotropic
Debye density of states do not match the published data,

1→2 =

demonstrating that an isotropic description of graphite is not
accurate.
When using the effective density of states given by Eq.
共6兲 to calculate both  and hBD, one must be careful to consider the phonon group velocities for each polarization in the
direction of transport, yet only use the in-plane phonon velocities when calculating the density of states. Again, if each
graphite monolayer is treated as an independent twodimensional subsystem, its vibrational states are dictated by
its two-dimensional properties, or under the Debye approximation, the in-plane phonon group velocity. Thus, 1→2,
where heat flows from side 1, a metal film, to side 2, a
graphite substrate, becomes

兺3j 兰0D,jប2,jDeff共, a,j兲f BEd
兺3j 兰0D,jប2,jDeff共, a,j兲f BEd + 兺3j 兰0D,jប1,jD3D共, 1,j兲f BEd

at which point hBD can be calculated by Eq. 共4兲. Figure 2
shows hBD as a function of temperature from 50 to 500 K for
the Al-graphite interface for two different orientations of
graphite. The predicted value for the a-axis orientation is
over an order of magnitude higher than for the c-axis orientation for the entire temperature range. This result seems
logical, both intuitively and conceptually, as the thermal conductivity, and hence, the phonon group velocity, is much
higher in-plane compared to out-of-plane. The room temperature hBD at the Al-graphite interface 共c-axis兲 has been
reported as 50 MW/ m2 K.17 The model-predicted value is
30 MW/ m2 K, a 40% underprediction. This is to be expected, however, as the elastic-only assumption made by the
DMM will significantly limit the number of phonons that can
participate in transport at the interface. Still, the accuracy of
this model is quite good when considering the order-ofmagnitude error often associated with the DMM.5
Overall, the underlying physics of the graphite structure,
as well as a comparison of predicted specific heat to published values, establishes the validity of the model when calculating thermal properties at elevated temperatures. An extension of the DMM employing this vibrational model has
been presented, with applicability to predicting hBD at interfaces between isotropic and highly anisotropic materials.
Comparison between the predicted and experimental room
temperature hBD at an Al-graphite interface shows good
agreement, and the underprediction is to be expected. This
model can easily be extended to other anisotropic media
where weak coupling between subsystems is present. Further
experimental data will be required to evaluate the temperature range over which this model is valid.
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