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We develop an analytical model for the thermal boundary conductance between a solid and a gas.
By considering the thermal fluxes in the solid and the gas, we describe the transmission of energy
across the solid/gas interface with diffuse mismatch theory. From the predicted thermal boundary conductances across solid/gas interfaces, the equilibrium thermal accommodation coefficient
is determined and compared to predictions from molecular dynamics simulations on the model
solid-gas systems. We show that our model is applicable for modeling the thermal accommodation
of gases on solid surfaces at non-cryogenic temperatures and relatively strong solid-gas interactions
(ε sf & kBT). C 2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4942432]
I. INTRODUCTION

Condensation, evaporation, and thermal transport processes of a working fluid underlie critical physical mechanisms
in a wide variety of technologies used for energy conversion
such as low grade waste heat recovery,1,2 geothermal energy
harvesting,3,4 heat pipe engineering and thermal ground plane
development,5–7 sea water energy conversion,8,9 and heat
dissipation in nanoscale electronics.10 In these applications,
the energy exchange mechanisms are governed by the
microscopic kinetics between the molecules in the fluid and
those on a solid surface, or the solid surface itself. Therefore,
a coupled understanding of both mass and thermal transport
is necessary for a complete description of heat exchange at
solid/vapor interfaces.
At the microscopic level, the efficiency of interfacial
energy exchange is quantified by the Kapitza conductance,
hK that relates the heat flux to the temperature drop at
the interface. Although the Kapitza conductance between
crystalline solids has been extensively studied, there has been
relatively far less progress in the fundamental understanding
of solid/gas interfaces. For example, analytical descriptions of
hK across solid/gas interfaces has been limited to cryogenic
temperatures,11–13 whereas the theoretical models for hK
across solid/solid interfaces are able to describe the physics
at non-cryogenic temperatures as well (including scenarios
of variable bonding at the interface, material anisotropy,
and anharmonic interactions at the interface) through the
widely used Diffuse Mismatch Model (DMM) and Acoustic
Mismatch Model (AMM).14–18 Moreover, the mass effect
for energy exchange due to gas atoms colliding at a solid
surface has been limited to simplistic models such as the
hard sphere model,19 which does not take into consideration
the energy states in the solid as well as the interaction
strength between the solid surface and the gas atoms.20–22
Although Goodman and Wachman have derived an analytical
expression to describe the efficiency of energy exchange
at solid/gas interfaces that is applicable at non-cryogenic
0021-9606/2016/144(8)/084705/5/$30.00

temperatures, their closed form model is semi-empirical
in nature and needs certain properties of the experimental
data.23
Recent studies have explored the effect of gas molecular
mass and interfacial bonding on heat transport via molecular
dynamics (MD) simulations, lending important physical
insight into the solid-gas energy exchange dynamics.20–22,24,25
Liang et al.20,21 have compared their results to the hard-sphere
model and demonstrated the failure of this model to capture
the nanoscale heat transfer exchange dynamics at solid/gas
interfaces. Therefore, the goal of this current work is to
derive a microscopic model that relates hK at a solid-gas
interface beyond the hard sphere model and is applicable at
non-cryogenic temperatures. We compare our model predictions to results from MD simulations on specific solid-gas
systems.

II. DIFFUSE MISMATCH MODEL
FOR SOLID/GAS INTERFACES

For a gas molecule colliding at a gas/solid interface, the
efficiency of energy exchange is described in terms of an
equilibrium thermal accommodation coefficient,
αT(E) = lim

∆T → 0

Eg′ − Eg
Eg − Es

,

(1)

where Eg is the energy of the gas, Eg′ is the energy of the
gas leaving the surface, and Es is the energy of the solid.
We retain the functionality of the accommodation coefficient
with energy to be consistent with our phonon/gas molecule
energy transmission in the theoretical development presented
here. From classical gas dynamics, in the temperature jump
regime 0.01 ≤ Kn ≤ 0.1 (where Kn is the Knudsen number),
the thermal boundary conductance from a solid to a gas is
given by19
F k B IαT
hK =
,
(2)
2 − αT
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where F = 4 for a monoatomic gas and F = 6 for a diatomic
gas, k B is the Boltzmann constant, and I is the collision rate
per unit area. Examining Eq. (2) qualitatively, we find that this
thermal boundary conductance can be described by a power
flux (F k B I) that is partially transmitted across the interface,
dictated by a “transmission” term, ζ, that is related to αT.
Therefore, from inspection, the energy transmission from the
gas to the solid is given by
ζg→ s =

2ζg→ s
αT
→ αT =
,
2 − αT
1 + ζg→ s

(3)

where the subscripts “g” and “s” refer to the gas and
solid, respectively. Equation (3) gives a direct relationship
between a typical interfacial transmission coefficient, which
can be calculated via computational methods or analytical
models (such as, for example, the DMM),14 and the thermal
accommodation coefficient. Using this relationship, in the
remainder of this work, we will derive αT by considering the
transmission of energy between phonons in a solid and an
interacting gas.
From semi-classical theory, the phonon thermal flux in
an isotropic solid is given by26
ω max, j

1
qs =
4 j



~ωD j (ω) f BEv j dω,

(4)

0

where ~ is the reduced Planck’s constant, D is the phonon
density of states, f BE is the Bose-Einstein distribution function,
v is the phonon velocity, and j refers to the phonon
polarization. Assuming equilibrium conditions at the interface,
which is the focus of this work, as our aim is to develop an
analytical model of the equilibrium thermal accommodation
coefficient, the thermal boundary conductance between the
solid and the accommodating gas is given by
ω max,j

1
hK =
4 j



~ωDj (ω)

∂ f BE
vjζs→ g dω,
∂T

unit area of an isotropic flux of gas molecules impinging upon
a solid surface is given by23
Ic dφ dθ dc
(
)2


mc2
n m
c4 exp −
sin [2θ] dφ dθ dc,
=
2π kBT
2kBT

(7)

where n and c are the number density and speed of the
gas molecules, respectively. Equation (7) is derived from the
definition of a Maxwellian stream of atoms, and it is important
to note that the stream properties of a gas approaching a surface
19
are not the same
√ as the properties of a gas in equilibrium.
Given that c = 2ε/m, the collision rate per unit energy on
the solid surface is
(
) 2 ( ) − 12
2 n ε
2ε
Iε dφ dθ dε =
π m kBT
m


ε
× exp −
sin [2θ] dφ dθ dε,
(8)
kBT
where n = P/ (kBT), where P is the pressure. To parallel the
phonon thermal flux mathematically described in Eq. (4), the
thermal fluxes from the gas molecules impinging on the solid
interface is given by
2π
qg =
0

π/2
∞
dφ
sin [2θ] dθ
εIε dε,
0

(9)

0

for the case of a monoatomic molecular thermal flux.
To compare typical gas and phononic power fluxes
incident on a surface, we plot the phonon thermal flux in
Au determined via Eq. (4) and the elemental thermal fluxes
in He and Xe gases at two different pressures (0.1 and
10 MPa) determined via Eq. (9) as a function of temperature
in Fig. 1. For the Au phononic flux calculations, we assume
a sine-type phonon dispersion in an isotropic Brillouin zone
with maximum phonon frequencies taken as those in the

(5)

0

where T is the temperature at the interface (assumed, in
this work, to be in equilibrium). This expression for thermal
boundary conductance determines the interfacial transport
by examining the partial transmission of phonon energy
into the gas. We have detailed this specific derivation
for phonon thermal boundary conductance in our previous
works.27,28
Since equilibrium is assumed between the solid and
the gas, Eq. (5) is mathematically equivalent to the thermal
boundary conductance determined from considering a thermal
flux of gas molecules transferring energy to the phonons. The
thermal boundary conductance from the gas to the solid is
given by

∂Iε
hK =
Fε
ζg→ s dε,
(6)
∂T
ε


where Iϵ is the spectral collision frequency and Iϵ dε = I,
where I is defined from Eq. (2). The spectral nature of Eq. (2)
comes from the velocity distribution of gas molecules so that
from Kinetic Theory,29 the spectral collision frequency per

FIG. 1. Power flux as a function of temperature. The power flux for the gold
phonons is calculated with Eq. (4) where the power fluxes for the various
gasses at the different pressures are calculated with Eq. (9). The power
flux of Au phonons incident on an interface can be orders of magnitude
greater than the gas power flux incident on an interface, depending on the
pressure. Via energy conservation considerations discussed below, this has
direct implications on the energy transmission across a solid/gas interface
and on the equilibrium thermal accommodation coefficient.
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Γ → X direction.30 The power flux of Au phonons incident on
an interface can be orders of magnitude greater than the gas
power flux incident on an interface, depending on the pressure.
From the energy conservation considerations discussed below,
this has direct implications on the energy transmission
across a solid/gas interface and on the equilibrium thermal
accommodation coefficient.
Where the calculations of these phonon and molecular
thermal fluxes only require knowledge of phonon dispersion
and molecular species and densities, respectively, the
challenge in predicting the thermal boundary conductance
across a solid/gas interface is determining the energy
transmission. With knowledge of the transmission coefficient
and assuming diffusive scattering, Eq. (3) can be used to
determine the equilibrium thermal accommodation coefficient,
αT. Through the use of diffuse mismatch theory, we present
an avenue to predict αT, assuming diffusive scattering of
the gas molecules and a local equilibrium at the solid/gas
interface.
We begin by considering the thermal conductance
between a solid surface and a non-condensing gas. In this
case, the energy transmission from the solid to the gas, ζs→ g,
is directly related to the energy transmission from the gas to
the solid through
ζg→ s = 1 − ζs→ g.

(10)

Equation (10) also ensures diffusive scattering at the solid/gas
interface, which is a fundamental assumption of the DMM
that is adopted in this work. This assumption implies that
the incident energy carriers lose all memory of their initial
direction and polarization (in the case of the solid) after
scattering at the interface. Now, by invoking the principle
of detailed balance,28,31 which assumes that the solid and
the gas are in thermal equilibrium at the interface, the
transmission coefficient across the solid/gas interface is given
as
qg
.
(11)
ζs→ g =
qg + qs

and length parameters for the different species are defined as
√
ε sf = ε ssε ff and σsf = (σss + σff )/2, respectively. This is a
good approximation for interatomic potentials defined by the
same pair potential and also has been used to define the
interaction between LJ-based solid/solid as well as solid/gas
systems.32–35 For computational efficiency, the cutoff distance
for the interatomic potential is set to 2.5σ. We note that,
unlike in LJ-based solid/solid interfaces,36 increasing the
cutoff distance by 30% did not result in a statistical change
in the MD-predicted hK. The mass of the solid is set at 120
atomic mass units (amu) while the mass of the gas is varied in
our simulations. A time step of 0.5 fs is used throughout the
simulations and the solid-gas system is allowed to equilibrate
at 300 K temperature and 10 bars pressure with periodic
boundary conditions in all three directions. The equilibration
of the solid-gas system is carried out for a total of 4 × 106 timesteps under the Nose-Hoover thermostat37 (constant NVT) and
the pressure is controlled via the Berendsen barostat.38 The
equilibrated simulation cell is shown in the top panel of
Fig. 2(a).
To calculate hK across the solid-gas interface, we
use the nonequilibrium MD (NEMD) approach, where a
steady heat flux is applied across the simulation domain
and the resulting temperature gradient is calculated along
the direction of the heat flux. For the subsequent NEMD
simulations, the global thermostat is removed and the simulations are conducted under the micro-canonical ensemble
(constant NVE) with a heat flux of ∼13 MW/m2 by the

To begin to validate our model, the theoretical calculations of
ζg→ s (and consequently the αT from Eq. (3)) are carried out for
a model Lennard-Jones (LJ) solid that is in contact with a LJ
gas. This allows our theoretical predictions to be compared to
predictions using MD simulations on these model structures,
as described in Sec. III.

III. MOLECULAR DYNAMICS SIMULATIONS
ON SOLID/GAS SYSTEMS

For our MD simulations, we employ the 6-12 LennardJones (LJ) potential, U(r) = 4ε[(σ/r)12 − (σ/r)6], where U is
the interatomic potential, r is the interatomic separation,
and σ and ε are the LJ length and energy parameters,
respectively. The energy parameter in the solid is described
by ε ss = 0.0503 eV, while the energy parameter for the gas
is modeled to mimic that of Argon (ε ff = 0.0103 eV). The
length parameter σ is set to 3.405 Å for both solid and gas
interactions. To define the interaction between the solid and
gas atoms, we use the Lorentz-Berthelot rule, where the energy

FIG. 2. (a) Top panel: a snapshot of an equilibrated solid/gas model structure.
Due to symmetry, only half of the simulation cell is shown. Bottom panel: the
temperature response of the Lennard-Jones systems after a steady heat flux is
imposed. (b) Thermal accommodation coefficient as a function of mass ratio
between the Lennard-Jones systems. Also plotted are the predictions from the
hard-sphere model (dashed line) and our DMM-based model (solid line).

Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to IP: 137.54.11.206 On: Thu, 25 Feb
2016 19:09:35

084705-4

A. Giri and P. E. Hopkins

J. Chem. Phys. 144, 084705 (2016)

Muller-Plathe method.39 Consequently, we can obtain hK
from the temperature drop, ∆T, at the interface as shown in
Fig. 2(a).
With the knowledge of hK, we can determine the MDpredicted αT from a more detailed form of Eq. (2),
hK =

F k Bα T P
,
√
(2 − αT) 2πmk BT

(12)

where F = 4 for a monoatomic gas.19,22 The predictions are
shown in Fig. 2(b) as a function of the mass ratio of gas
to solid atom, µ. Figure 2(b) also shows the theoretically
predicted αT for the LJ-based models along with the
predictions from the hard-sphere model (αT = 2.4µ/(1 + µ)2).
Our theoretical model demonstrates qualitative agreement
with the MD results, whereas the predictions from the
hard sphere model underestimate the results from the MD
simulations, similar to the findings in Ref. 22. Contrary to the
hard-sphere model, the sudden decrease of αT at relatively
low mass ratios predicted by our DMM-based model is also
consistent with αT predicted via NEMD simulations,22 further
demonstrating the applicability of our model in describing
energy transport across solid/gas interfaces. Note, we have
used a classical distribution function ( f = 1/exp[~ω/(kBT)])
in Eq. (5) to model the LJ solid in our analytical
calculations in order to directly compare to the MD data in
Fig. 2.
The calculations for thermal accommodation in Fig. 2
predict that any gas particle that strikes the solid interface
will transfer energy. In other words, if a molecule can transfer
energy to the solid, it will; note, this is a standard, and
often restrictive assumption of the DMM and does not take
into consideration the strength of interaction between the
solid and the gas, which has been shown to control the
heat transfer mechanisms across solid/gas interfaces.20,22 Via
MD simulations, Liang et al.20 have shown that αT increases
with increasing interaction strength between the solid and
gas atoms, which reaches its maximum value (of hK and
consequently αT) at bond strengths of ε sf & kBT. While the
efficiency of thermal transport across solid/solid interfaces
is usually thought to be driven by the relative vibrational
spectrums of the constituent crystals, the bond strength
dependent αT for solid/gas interfaces suggests that the energy
transport across these interfaces is significantly dependent on
the interfacial properties. In Fig. 3, we show the results of
MD simulations from Ref. 22 for variably bonded Au/LJ-Ar
systems along with our DMM-based model prediction for a
Au/Ar interface. Our model shows appreciable agreement with
the MD results for the case when the solid-gas interaction is
relatively strong (ε sf ∼ kBT), whereas, the model overpredicts
αT for the cases with solid-gas interaction energies that are
relatively lower than kBT. This suggests that our model is
not applicable to weakly bonded solid/gas interfaces; we note
that this general lack of applicability of any DMM to weakly
bonded interfaces is common. However, our model is able
to capture the general trend in the MD-predicted αT as a
function of mass ratio unlike the hard-sphere model which
shows a monotonically increasing αT. For weakly bonded
systems, computational studies have demonstrated that the
local vibrational density of states near the interface shows

FIG. 3. Thermal accommodation coefficient between Au and LJ gas predicted via the DMM-based model as a function of mass ratio. Also plotted
for comparison are the MD-predicted thermal accommodation coefficients at
varying solid-gas interaction strengths from Ref. 22 and the prediction from
the hard-sphere model.

a linear dependence at relatively low frequencies, which is
characteristic to two-dimensional density of states (D ∼ ω).
Whereas, in the case of strongly bonded interfaces, the local
density of states is similar to that of the bulk with an ω2
relation that is characteristic to a three-dimensional solid.36,40
Therefore, we note that a modification to the density of
states in Eq. (5) could effectively account for the decrease
in αT for the weakly bonded cases, which is beyond the
scope of this study but offers a potential direction forward
for analytical-based DMM approaches to capture bonding
effects.
IV. SUMMARY

In summary, an analytical model for gas accommodation
on solid surfaces based on diffuse mismatch theory is
derived, which is used to calculate the equilibrium thermal
accommodation coefficient at a solid/gas interface. We validate
our analytical model by comparing the predictions to results
obtained via molecular dynamics simulations. Our model
is applicable for non-cryogenic temperatures and relatively
strong solid-gas interactions (ε sf & k BT).
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