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Several dynamic thermal and nonthermal scattering processes affect ultrafast heat transfer in
metals after short-pulsed laser heating. Even with decades of measurements of electron-phonon
relaxation, the role of thermal vs. nonthermal electron and phonon scattering on overall electron
energy transfer to the phonons remains unclear. In this work, we derive an analytical expression for
the electron-phonon coupling factor in a metal that includes contributions from equilibrium and
nonequilibrium distributions of electrons. While the contribution from the nonthermal electrons to
electron-phonon coupling is non-negligible, the increase in the electron relaxation rates with
increasing laser fluence measured by thermoreflectance techniques cannot be accounted for by only
considering electron-phonon relaxations. We conclude that electron-electron scattering along with
electron-phonon scattering have to be considered simultaneously to correctly predict the transient
nature of electron relaxation during and after short-pulsed heating of metals at elevated electron
temperatures. Furthermore, for high electron temperature perturbations achieved at high absorbed
laser fluences, we show good agreement between our model, which accounts for d-band excitations,
and previous experimental data. Our model can be extended to other free electron metals with the
knowledge of the density of states of electrons in the metals and considering electronic excitations
C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4936606]
from non-Fermi surface states. V

I. INTRODUCTION

The relaxation and scattering mechanisms within and
between the fundamental energy carriers in solids is a critical
parameter in thermal management and design of micro- and
nanoscale devices. As length and time scales decrease and
device power densities increase, electron scattering mechanisms become the increasingly dominant resistance to thermal transport in these devices.1 These scattering events can
lead to hot spots and device heating, and thus must be better
understood to properly design next-generation devices.
In this regard, pump-probe, short-pulsed thermoreflectance techniques have proven to be reliable in measuring the
temporal evolution of electronic relaxation and scattering
mechanisms, including Fermi relaxation of a perturbed electron gas,2–4 the electron-phonon (e-p) coupling factor,5–7 and
electron-interface scattering.8,9 In a typical short-pulsedbased pump-probe experiment to measure the ultrafast electron relaxation dynamics, the electrons are perturbed to a
non-Fermi distribution by a pump pulse that is focused on
the sample surface. A time delayed probe pulse monitors the
subsequent relaxation of the electron gas into a near-Fermi
distribution followed by the relatively longer e-p thermalization process. The change in the reflectivity of the probe pulse
(the thermoreflectance response) is related to the electron
relaxation and scattering mechanisms.10,11
The difficulty in pump-probe thermoreflectance experiments, however, is in the interpretation of the measured transient energy transfer processes. The conventional and most
a)

Electronic mail: phopkins@virginia.edu

0021-8979/2015/118(21)/215101/10/$30.00

widely applied method is to compare the experimental data to
the well known Two Temperature Model (TTM)12 by fitting
the TTM to the experimentally measured temporal decay in
reflectivity to determine e-p coupling factor, G. It should be
noted that the experimental results could also be compared to
more rigorous models that are based on the density functional
theory13–15 and molecular dynamics in conjunction with the
TTM16,17 to predict the electron dynamics. However, these
aforementioned models often inherently assume that the electronic states can be defined by a finite temperature, whereas,
photoemission and pump-probe femtosecond measurements
have demonstrated a long-living non-Fermi distribution of
electrons in gold (that can take as long as 1 ps to thermalize,
depending on the laser fluence and wavelength).2,4,18,19 Due to
the ultrafast excitation from laser pulses with pulse widths
shorter than the time taken by the electrons to relax to a Fermi
distribution, this assumption of a completely thermalized electronic system is rendered invalid.20–22 Along with the assumption of a thermalized electron system, the TTM approach also
assumes that the measured G is constant during the entire
relaxation time probed by the experiment. This assumption is
questionable as experiments have demonstrated an almost twofold increase in G, resulting from high absorbed laser fluences
that perturb the electronic states to temperatures of thousands
of degrees above ambient condition.4,7,9,10,23 In this regard, the
assumption of a constant G is not entirely valid as various scattering mechanisms contribute to the increase in the transient
relaxation measured during pump-probe experiments at elevated electron temperatures, Te. Therefore, even with decades
of short-pulsed e-p coupling measurements, the following fundamental questions remain:
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What processes contribute most significantly to the overall
rate of energy transfer from an excited electron system to the
lattice: electron-electron (e-e) scattering or e-p scattering?
Additionally, how do the nonthermal vs. thermal states of
the electron system affect e-p equilibration?

We seek to answer these questions in this work.
Chen et al.24 predicted a linear trend in G with electron
and phonon temperatures during e-p nonequilibrium, given
as
G¼

p2 mv2s ne
½Aee ðTe þ Tp Þ þ Bep ;
6

(1)

where m is the free electron mass, vs is the sound velocity, ne
is the free electron number density, Tp is the phonon temperature, and Aee and Bep are the e-e and e-p scattering coefficients, respectively. This expression for G was derived from
the expression of Kaganov et al.25 for the e-p coupling factor, which is only valid for free electron metals with relatively constant density of states (DOS), but extends the
model of Kaganov et al. to nonequilibrium situations in
which Te > Tp > TD, where TD is the Debye temperature of
the solid. The temperature trend in Eq. (1) comes from the
assumption that e-e scattering of a thermalized electron gas
affects e-p scattering, and hence G.
More recently, Lin et al.26 re-derived the temperature
dependence of the e-p coupling factor for several metals
using an ab initio density of states for electrons. This
approach did not account for e-e relaxation, as the work
questioned the validity of accounting for e-e scattering while
calculating strictly e-p interactions. Their calculations were
based on the e-p coupling factor derived by Allen,27 which is
not limited to free electron metals with a relatively flat density of states but is applicable to metals with arbitrary density
of states, that is given by
ð
phkB khx2 i 2 @f ðÞ
d;
(2)
g ð Þ
G¼
@
g ð F Þ
where 
h is the reduced Plank’s constant, kB is the Boltzmann
constant, k is the e-p mass enhancement parameter, hx2 i is
the second moment of the phonon spectrum, and g() is the
density of states of the electronic system. This general form
of the e-p coupling factor in a metal is applicable for high
temperatures where electronic states away from the Fermi
surface have to be considered for calculations of the temperature dependency of G. It should be noted that Eq. (2)
assumes fully thermalized electron and phonon systems and
e-e interactions do not affect the e-p energy transfer process.
The two theories described in the previous paragraphs
(the Chen et al.24 theory for free electron metals and
Allen’s27 theory for any metal) predict two different e-p
coupling factors when the electron and phonon ensembles
are out of equilibrium. Furthermore, both theories assume
that the electrons can be described by a Fermi distribution
and do not take into account nonthermal electron to phonon
coupling. Therefore, this warrants further investigation into
the temperature dependency of G, including the scenario
where the electrons are temporarily out of equilibrium with

the surrounding lattice and/or in a nonthermal distribution
after short-pulsed excitation. Several experimental works
have investigated the temperature dependence of G using
the aforementioned pump-probe thermoreflectance technique.3,7–9,23 However, these studies predict (and assume) a
constant G (by varying the incident pump fluence and fitting the experimental data with the TTM) for the time
period considered in the experiment and neglect the temperature dependency of G during this time period when the
“hot” electrons are losing energy to the phonons. Along
with that, various works have also alluded that nonthermal
electron to phonon coupling can present a significant channel for electronic energy relaxation in metals.21,22,28,29
In this work, we investigate the various scattering mechanisms that influence e-p energy relaxation processes in metals. In Section II, we derive an analytical expression for the
e-p relaxation rate that accounts for energy exchange to the
lattice from an electron system that cannot be described by
an equilibrium distribution or a temperature. We conduct
example calculations for Au, a well-studied free-electron
metal, but our approach can be extended to metals with an
arbitrary density of states. In Section III, we investigate the
validity of the various models for G in predicting the thermoreflectance response of a Au film during and after shortpulse absorption at high and low fluences. Our results demonstrate that only accounting for e-p scattering (considering
both thermalized and/or nonthermal electron distributions) in
the e-p coupling factor under-predicts the energy relaxation
rates measured during and after high laser pulse absorption;
in these experimental situations, to properly account for the
total energy transfer from the electronic to phononic systems,
e-e scattering must be considered. In Section IV, we derive
the equation of electron energy transfer (EEET) with a relaxation time approximation (RTA), which describes the change
in electron internal energy as a function of time due to e-p
scattering; we also re-derive Allen’s expression for an arbitrary density of states and recast this expression into an electron internal energy balance in line with the EEET. From
these results, we determine the transient e-p coupling factor
during hot electron relaxation after short-pulsed absorption
given a temperature profile as a function of time. Finally, we
extend Chen’s model for the electron-phonon coupling factor
to high temperatures where d-band excitations dominate the
relaxation process, and show better agreement between experimental data and the modified Chen model compared to
previous Chen et al.24 and Allen27 models. Although we
report specific results for gold, the method and model we
derive are valid for any free electron metal. We summarize
our results in Section V.
II. NONTHERMAL ELECTRON DYNAMICS

Consider an electron system that is perturbed from its
equilibrium distribution. The electronic distribution is
divided into thermal and nonthermal parts
f ð Þ ¼





t
nex exp 
see



f0 ð; T Þ þ fFD ð; Te Þ;

(3)
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where nex is the percentage of electrons excited into a nonthermal distribution state, t is the time after excitation, and
fFD represents the equilibrium, or Fermi Dirac distribution
function, see is the quasiparticle lifetime of an electron with
energy d ¼   F above the Fermi energy interacting with
electrons in a Fermi distribution, and f0 is the nascent electron distribution immediately after excitation (i.e., laser
pulse absorption).18 This serves as an initial condition for the
nonthermal part of the electronic distribution and extends
from the Fermi energy to the laser photon energy above the
Fermi energy. Also, due to the fact that a temperature cannot
be explicitly described for a perturbed electron distribution,
we assume that the nascent distribution can be described by
the ambient temperature, T. Assuming d  kBTe, which is
typical after ultrashort-pulsed laser absorption, this nonthermal electron lifetime is given by the Fermi-liquid theory30
pﬃﬃﬃ  2
1
p2 3xp d
¼
;
(4)
128
see
F
where xp is the plasma frequency. Equation (4) suggests that
the higher the energy of the particle, the faster the relaxation
time. This has been demonstrated experimentally by Fann
et al.18 using time-resolved photoemission spectroscopy to
measure the electron energy distribution after short-pulsed
irradiation of Au films. In Fig. 1, we plot the calculations of
Eq. (3) for the laser fluences and wavelengths used in Ref.
18 to perturb the electron distribution in Au. These calculations agree with the experimental results in Ref. 18, where
they show that for the lower absorbed fluence case (Fig.

FIG. 1. Electron energy distribution functions vs. energy calculated via Eq.
(3) for Au after short-pulse laser heating fluences of (a) 120 lJ/cm2 and (b)
300 lJ/cm2 as experimentally investigated in Ref. 4. Overall, the form of the
distribution function described by Eq. (3) exhibits good agreement with the
previously published experimental data.4
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1(a)), the nonthermal distribution is still prominent even at
times of 670 fs after laser pulse absorption. However, the
thermalization time decreases for the higher fluence case due
to the increased number of excited electrons.
Inserting the generalized electronic distribution into
Eq. (2) yields the generalized e-p coupling factor in a metal
when the electrons have not relaxed into an equilibrium
Fermi-Dirac distribution given by
 ð1
phkB khx2 i
@fFD
ð
Þ
d
g2 ðÞ
G t ¼
@
gðF Þ
1
ð F þd

 
@f0
t
nex exp 
g 2 ð Þ
þ
d :
(5)
@
see
F
This equation allows for an assessment of the relative
roles of thermal vs. nonthermal electronic distributions on
e-p energy exchange via comparisons with Eq. (2). Note that
Eq. (5) is a function of time after electronic excitation. The
first integral term in Eq. (5) represents the e-p coupling factor, assuming a fully thermalized distribution of electrons at
temperature Te, while the second integral term represents the
coupling from electrons in a nonthermal distribution to the
phonons that after some time t  see relax into a thermal distribution. These nonthermalized electrons are also scattering
with other electrons and relaxing into an equilibrium distribution while transferring energy to the lattice. Note that when the
second term is thermalized, d  kBTe and Eq. (5) relaxes to
Eq. (2). Also, if the electronic excitation d is less than or of
the same order as kBTe, Eq. (5) simplifies to Eq. (2).
Figure 2 shows calculations of Eq. (5) for Au for three different excitation energies and two different electron temperatures

FIG. 2. Electron-phonon coupling factor, G, in Au as a function of time after
excitation calculated via Eq. (5) for three different excitation energies,
h ¼ 1.0, 1.5, and 2.0 eV, and two different electron temperatures, Te ¼ 300 (a)
and 1000 K (b). The nonthermalized electrons do not interact with the phonons
as frequently as the thermalized electrons, however, at relatively high excited
electron densities, nonthermal electrons losing energy to the lattice can significantly increase G. Note also that this nonthermal electron effect on G lasts several hundred femtoseconds to a picosecond after excitation, depending on the
excitation energy and the percentage of excited electrons, nex.
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at 1% and 10% excited electron densities. The other properties of Au are taken from the free electron properties tabulated in the literature.31 The calculations in this work assume
no thermal or optical excitations from the 5d10 band in Au.
The nonthermalized electrons in Au interact with the thermalized phonons, and cause a slight increase in G from that
assuming a fully thermalized distribution. This increase in G
increases with the number of electrons that are initially perturbed immediately following laser pulse excitation. This
increase can be more than 10% at times, immediately following excitation when 10% of the conduction band electrons
are perturbed to a nonthermal distribution. Although the nonthermalized portion can transfer a considerable amount
of energy to the lattice, the increase in the e-p coupling
predicted by Eq. (5) cannot explain the increase in relaxation
rates observed for high electron temperature perturbations
measured in transient thermoreflectance measurements.4,7,23,32 This suggests that the additional rate of
energy transfer from an excited electron system to the phonons, beyond that predicted from a fully thermalized e-p
coupling factor, cannot be ascribed to any direct electron
(thermal or nonthermal) to phonon interaction. Therefore, to
understand the competing effects of different scattering
mechanisms on e-p coupling in metals, we compare the validity of the various models described above in predicting
the thermoreflectance response of Au under short-pulse
laser excitation.
III. PUMP-PROBE THERMOREFLECTANCE
MEASUREMENTS

We use a standard sub-picosecond pump-probe time domain thermoreflectance (TDTR) experiment to measure the
transient relaxation of hot electrons in Au after pulsed laser
absorption. Our pump-probe technique utilizes a twowavelength approach where the pump pulses have been frequency doubled from 1.55 to 3.1 eV. The details of the
experimental setup can be found in Refs. 33–35. The pump
and probe pulses are focused on the surface of the sample, and
the thermoreflectance signal from the reflected probe pulse is
monitored with a photodiode that is locked into the modulation frequency of the pump heating event. In this work, we fix
the pump modulation frequency to 8.8 MHz, and the crosscorrelation of the pump and probe pulses at the sample surface
is 780 6 20 fs. The FWHM of the probe pulse is 220 6 20 fs
as measured via the frequency-resolved optical gating
technique.36
We measure the transient thermoreflectance signal on a
thin Au film (26 nm thickness measured via picosecond
acoustics20,37) evaporated on a Si substrate with a pump fluence averaged over the Gaussian diameter of either 0.5 or
6.1 J m2. The pump pulse energies and fluences do not significantly modify the conduction band number density from
d-band excitations, and in fact, we estimate that even with
our maximum absorbed fluence, the conduction band number
density will only be perturbed by <2%.38 This validates the
use of the Drude-based thermoreflectance model39 to directly
relate the change in the reflectivity measured to the temperature changes. The absorption of the pump pulses by the
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sample surface leads to an increase in the internal energy of
the electron system, which consequently transfers its energy
to the lattice vibrations through electronic collisions.
As the experimentally measured e-p coupling factor
takes into account the contributions from various scattering
mechanisms such as electron-interface, electron-defect, and
electron-electron scattering simultaneously with purely e-p
scattering, we assign an “effective” e-p coupling factor (Geff)
to describe the volumetric rate of energy transfer from
herein. In typical pump-probe analyses, the thermoreflectance signal is related to temperature change through an
appropriate thermoreflectance model and subsequently compared to the TTM to determine a constant Geff value, which
effectively accounts for all the scattering mechanisms responsible for the thermoreflectance signal averaged over the
temporal response. As previously mentioned, this approach
does not consider any temperature dependency in Geff during
the energy transfer from the electronic system to the surrounding lattice. We use a nonlinear, thickness-dependent
thermoreflectance model, which has been explained in detail
in Ref. 19, to fit the TTM to the experimental data on the
thin film Au sample. The form of the TTM used is given by
the following two coupled differential equations,19 Ce ðTe Þ
@Te =@t ¼ Geff ðTe  Tp Þ þ SðtÞ and Cp ðTp Þ@Tp =@t ¼ Geff
ðTe  Tp Þ. The electronic heat capacity is calculated using
the ab initio DOS based on the procedure described by Lin
et al.26 The laser source term, S(t), is given by
SðtÞ ¼ ð0:94ð1  RÞF=ðdðtp þ sF ÞÞÞ exp½2:77ðt=ðtp þ sF ÞÞ2 ,
where R is the reflectivity of the Au film, F is the incident
fluence, d is the film thickness, tp is the pump pulse width,
and sF is the Fermi relaxation time of the excited electron
system. The source term has been modified in order to
account for the delayed thermalization of the electronic system in Au,19 which in practice is determined by fitting the
portion of the thermoreflectance data before the maximum
signal.
Although the TTM in conjunction with the thermoreflectance model reproduces the literature values of e-p coupling
factor, the constant Geff assumption during and after laser
absorption needs to be reconsidered. For example, in the
regime of our experiments in this work, a change in absorbed
fluence (and subsequent change in electron temperature) can
lead to 50% change in Geff.23,32 From this, Geff must
depend on electron temperature, and therefore the traditional
implementation of the TTM is incorrect to assume a constant
Geff over the picosecond decay after pulse absorption.
Furthermore, given the large changes in the e-p coupling factor demonstrated in prior works when thermally exciting
sub-Fermi surface bands,23,26,40–42 assuming a constant Geff
in pump-probe experiments when considering electronic
temperature excursions of several thousand Kelvin is clearly
invalid.
To account for the transient e-p coupling factor during
and after laser pulse absorption and simultaneously test the
validity of the aforementioned models, we replace Geff in the
TTM with the temperature-dependent e-p coupling factors
described above (Eqs. (1) and (5)) to reproduce the measured
thermoreflectance signals. The best fits to the experimental
data with the models are shown in Fig. 3. To this end, we
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fit the TTM with Eq. (1) by treating Aee and Bep as free parameters. We find Aee ¼ 1.3  107 K2 s1 and Bep ¼ 1.1
 1011 K1 s1, which are in excellent agreement with literature values.17,40 To calculate Eq. (5), we approximate the
excited number density of electrons as Nex ¼ F/hd, where
h is the photon energy and d is the optical penetration
depth. The fraction of excited electron density, nex, is given
by Nex/N, where N is the conduction band density (since, in
this study, our pump pulse energies will lead to a negligible
perturbation in conduction band number density as discussed
above, we take N as the conduction band density,
5.9  1028 m3).
Figure 3 shows the results of the model fits to the thermoreflectance signals for high and low laser fluences. For
the case of low electron temperatures (Te,max  700 K) resulting from the low absorbed laser fluence (see Fig. 3(a)), both
Eqs. (1) and (5) replaced in the TTM can predict the thermoreflectance response reasonably well. However, for the
case of high electron temperatures (Te,max  2800 K) resulting from the higher laser fluence, replacing Eq. (5) in the
TTM grossly under-predicts the e-p coupling factor and
therefore fails to reproduce the experimentally measured
thermoreflectance signal. As mentioned earlier, the inclusion
of nonthermal electrons losing energy to the lattice cannot
significantly increase the e-p coupling factor to correctly predict the thermoreflectance signal at high fluences. It should
be noted that even an increase in nex to more than 10% cannot account for the increase in the e-p coupling factor needed
to reproduce the thermoreflectance signal. This suggests that
along with thermal and nonthermal electron coupling to the
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phonons, there must be other energy relaxation mechanisms
simultaneously increasing the rate of electron relaxation at
these timescales after laser pulse absorption.
To reproduce the thermoreflectance signal at high laser
fluences (and high Te), we replace Geff in the TTM with
Eq. (1) that accounts for the thermalized e-e scattering mechanisms along with e-p scattering in the e-p coupling factor.
As shown in Fig. 3(b), the best fit to the thermoreflectance
signal with the TTM based on Eq. (1) correctly predicts
the experimental data at these high electron temperatures
(Te,max  2800 K). This agreement demonstrates that along
with strictly e-p scattering, e-e scattering in a thermalized
electron system must be considered to correctly account for
the high energy relaxation with the lattice during relatively
high intensity laser excitation of metals. The importance of
accounting for e-e scattering to correctly reproduce this transient nature of energy exchange rate is further exemplified in
the inset of Fig. 3(b), where the effective e-p coupling factors
predicted from Eqs. (1) and (5) are plotted as a function of
delay time for the high fluence case. It should be noted that
even though Eq. (5) depends on Te, at high electron temperature perturbations, e-e scattering mechanisms dominate the
energy relaxation processes and therefore have to be considered to correctly predict the dynamics of electron relaxation
in laser heated metals. Note, the maximum in the reflectivity
is observed at a longer delay time compared to the Fermi
relaxation time period (1 ps),41 which suggests that the
peak in the electronic temperature is reached at a later time
after the electrons have thermalized. This could be understood as a consequence of increase in the phase space of
electrons as the thermalization progresses, which eventually
leads to higher e-e scattering and an increase in the rate of
e-p relaxation (for which the maximum is observed at 2 ps
after laser pulse absorption as shown in the inset of
Fig. 3(b)). To further verify the claim that e-e scattering plays
a major role at high Te, we modify Eq. (1) to account for
d-band electron excitation under intense laser heating, which
perturbs electronic states to >4000 K, detailed in Sec. IV.
IV. HIGH TEMPERATURE TRANSIENT ELECTRON
RELAXATION
A. EEET

FIG. 3. TDTR data and the TTM fits for the data (solid lines) as a function
of the delay time after pulse absorption for (a) F ¼ 0.5 J m2 and (b)
F ¼ 6.1 J m2. For the low fluence case, replacing Eq. (1) or Eq. (5) in the
TTM can reproduce the thermoreflectance signal. However, for the high fluence case, Eq. (5) in the TTM under-predicts the relaxation rates during
electron-phonon nonequilibrium. Accounting for electron-electron scattering
by replacing Eq. (1) in the TTM can correctly predict the thermoreflectance
signal at these high electron temperatures.

To determine the electron-phonon coupling factor for
high electron temperatures that can be achieved in, for example, thermionic emission and pulsed laser ablation experiments, we derive the EEET with a relaxation time
approximation, which describes the change in electron internal energy as a function of time due to e-p scattering. We
start with the Boltzmann transport equation for electrons in
one dimension, given by43,44
 
@f
@f Fz @f
@f
þ vz þ
¼
;
(6)
@t
@z m @vz
@t c
where f is the nonequilibrium electron distribution function,
vz is the electron velocity in the z-direction, Fz is the Lorentz
force in the z-direction, and the term (@f/@t)c is the time rate
of change of the nonequilibrium distribution function due to

[This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
38.68.233.47 On: Wed, 09 Dec 2015 19:28:18

215101-6

A. Giri and P. E. Hopkins

J. Appl. Phys. 118, 215101 (2015)

e-e and e-p collisions. In this analysis, the z-direction is taken
as perpendicular to an interface that provides resistance to
heat flow (i.e., the cross plane direction). In the thin film
limit, when the film thickness is less than the ballistic penetration depth, Eq. (6) reduces to15
 
@f
@f
¼
;
(7)
@t
@t c
since spatial gradients in the film are negligible. Note, the
ballistic penetration depth in gold has been measured to be
100 nm (Ref. 7) and our experimental measurements are in
the thin film region to simplify this analysis. A more rigorous
analysis could solve Eq. (6) without making this assumption,
but the procedure discussed in this paper would remain identical. With Eq. (7), the EEET,15,45 which parallels the equation of phonon radiative transport (EPRT),46 is given by


@U ðtÞ
@U ðtÞ
¼
;
(8)
@t
@t
c
where t is the time and U(t) is the volumetric electron
energy density per unit energy defined as
U ðtÞ ¼ DðÞf ð1  f Þ;

(9)

where the factor of (1  f) is included due to the fact that the
energy transfer can only occur when there are empty states
in
Ð the vicinity of occupied states. Thus, the quantity U ¼
 DðÞf ð1  f Þ gives the total energy per unit volume of the
electron system. For thermalized electron systems with the
equilibrium Fermi Dirac distribution, fFD, the equilibrium
energy density per unit energy is determined from Eq. (9) as
U ðtÞ ¼ DðÞfFD ð1  fFD Þ;

(10)

where fFD ¼ fFD(, l(Te), Te) with l(Te) being the chemical
potential which depends on the electron temperature, Te.
To evaluate the internal energy of the electron system,
the density of states must be determined. Due to the fact that
we are interested in electron temperature excursions on the
order of 10 000 K in the work in this section, an accurate
DOS representation of the electronic band structure is crucial
for describing the e-p thermophysics.26,47,48 Therefore, we
use the ab initio DOS calculated for Au published
previously.15
Figure 4 shows the equilibrium energy density for Au at
6 different electron temperatures calculated with Eq. (10)
using the ab initio DOS. At relatively low temperatures,
below the onset of d-band excitations (Te  3000 K), the
energy density profile is a Gaussian that is centered around
the Fermi energy. As the electronic temperature increases,
the influence of the d-band electronic population becomes
pronounced with large spikes in the internal energy around
2 eV below the Fermi energy. In addition, as temperature is
increased, the effects of electronic excitations from the inner
nonconstant s-band DOS and the p-band become apparent by
the variations in the internal energy at energies far above the
Fermi energy. It is important to note that the absolute value
of the internal energy is arbitrary since it is related to the

FIG. 4. Equilibrium energy density for Au at 6 different temperatures
calculated with Eq. (10) using the ab initio density of states from Ref. 15.
As the temperature is increased (Te > 3000 K), the variation from the constant density of states around the Fermi energy becomes apparent with the
onset of the d-band thermal excitations at 2 eV below the Fermi energy
and excitations of s- and p-band electrons at energies far above the Fermi
energy.

energy of the electrons (i.e., U,0 / ) which is dependent on
the DOS calculations. For example, the Fermi energy of Au
amounts to 16.25 eV from DOS calculations since both the
6s1 and 5d10 bands are accounted for in the calculation,
whereas the Fermi energy is 5.53 eV if only conduction electrons are included in the calculation.
Evaluating the collision term on the right hand side of
Eq. (8) gives the change in energy density with time due to
e-p collisions. A relaxation time approximation (RTA) can
be assumed to evaluate the electron energy density, which
takes the standard form
 
U ðtÞ  U0 ðTp Þ
U
¼
:
(11)
@t ep
sep
Equation (11) is solved by recognizing that U(t ¼ 0)
¼ U0(Te), such that the rate of change of the total electron
energy density is given by
URTA ðtÞ ¼ U0 ðTp Þ þ ðU0 ðTe Þ  U0 ðTp ÞÞ expðt=sep Þ: (12)
It should be noted that this derivation does not incorporate
the e-p coupling factor, just a relaxation time is included,
which represents how long the electrons at some elevated
energy take to reach thermal equilibrium with the phonons.
B. General model for electron-phonon coupling

In Sec. IV A we derived a simple energy relaxation relationship for the transient decay of internal energy of an
excited electron system. The utility in that derivation is the
ability to relate the relaxation of the electrons to an intrinsic
thermodynamic property of the system, i.e., U. In this subsection, we review the quantum mechanical derivation of the
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e-p coupling factor of a metal, G, and relate this to the EEET
discussion in Sec. IV A.
Allen’s model for the e-p coupling factor is derived
from the standard Bloch-Boltzmann-Peierls formulas49 for
the rates of change of electron and phonon distributions27
 
@fk
2p X
¼
jMkk0 j2 fk ð1  fk0 Þ½ðNq þ 1Þd
@t ep
h q

 ðk  k0  hxq Þ þ Nq dðk  k0 þ hxq Þ
 ð1  fk Þfk0 ½ðNq þ 1Þdðk  k0 þ hxq Þ
(13)
þ ðNq þ 1Þdðk  k0  hxq Þ;


X
@Nq
4p
¼
jMkk0 j2 fk ð1  fk0 Þ½Nq dðk  k0 þ hxq Þ
@t ep
h k

 ðNq þ 1Þdðk  k0  hxq Þ;

(14)

where M is the e-p scattering matrix element, N is the phonon distribution, x is the phonon angular frequency, and k
and q are the electron and phonon wavevectors, respectively.
The rate of energy exchange between the electrons and phonons within one unit cell is given by
 
@U
4p X
¼
jMkk0 j2 Sðk; k0 Þdðk  k0 þ hxq Þ; (15)
@t ep
h kk0

where S is the thermal factor that expresses the phonon
absorption and emission processes during e-p scattering in
terms of the electron and phonon occupation numbers. This
thermal factor is given by
Sðk; k0 Þ ¼ ðfk  fk0 ÞNq  fk0 ð1  fk Þ:

(16)

Given the Elaishberg spectral function for e-p coupling as a
function of energy, which Wang et al. defines as40
a2 ðk ; k0 ÞFðxq Þ ¼ ½Dðk ÞDðk0 =ðDðF ÞÞ2 Þa2 Fðxq Þ;

(17)

where a2F(xq) is related
to the e-p material properties
Ð1
through khx2 i ¼ 2 0 xq a2 Fðxq Þdxq , Eq. (15) can be
rewritten as27
 
ð1
ð1
@U
¼ 2pDðF Þ
hxq dxq
dk
@t ep
0
0
ð1

a2 Fðxq ÞSð; k0 Þdð  k0 þ hxq Þdk: (18)
0

For this derivation, we consider the electron and phonon systems to be completely thermalized at different temperatures
before the majority of the e-p energy exchange takes place,
such that f and N represent the Fermi-Dirac and BoseEinstein distribution functions, respectively. This is a valid
assumption for high laser fluences and electron temperatures
(Te > 7000 K)41 as we have shown with the calculations of
the electron distribution function in Section II.
After some algebra as described in detail in the
Appendix of Ref. 26, the time rate of change of the electron
energy due to e-p collisions is given by


 
ð1
@U
@fFD
ð DðÞÞ2
2

d;
¼ p
hkB ðTp  Te Þkhx i
@
@t ep
0 DðF Þ
(19)

where the e-p coupling factor is given by Eq. (2). We note that
in the derivation of Eq. (2), fully thermalized electron and phonon systems are assumed, and electron relaxation with the lattice is assumed to be facilitated via only e-p scattering. These
assumptions limit the application of this quantum mechanical
approach, as we have described in detail in Sec. III.
It is convenient to use EEET described in the previous
subsection (Sec. IV A) since we can relate the rate of change in
the internal energy of the electron system to the e-p coupling
factor by
 
@U
¼ GðTp  Te Þ:
(20)
@t ep
To calculate G, we must determine the internal energy
relaxation rate at a given temperature, or determine the transient temperature change given a known energy relaxation
rate. Since the volumetric rate of energy relaxation in an
electronic system is Ce(Te)@Te/@t (which assumes a Fermi
Dirac distribution for the electrons), for high electron temperatures Te  Tp, we can express Eq. (20) as
Geff ðTe Þ ¼ 

Ce ðTe ðtÞÞ @Te ðtÞ
:
T e ðt Þ
@t

(21)

For low temperature perturbations and when electronic and
vibrational systems are in equilibrium (Tp ¼ Te), Eq. (20)
suggests that the internal energy of the electron system does
not change due to e-p scattering events. In other words, Eq.
(20) implies that when electrons equilibrate with the phonons, there is no resistance to electrons in metals due to e-p
collisions. Therefore, Eqs. (20) and (21) do not account for
finite e-p resistance when gradients in temperature are present in the regime when Tp  Te (i.e., thermal diffusion) as in
the experiments. Thus, we modify Eq. (21) to account for
conditions of relatively minor nonequilibrium between the
electrons and phonons and assume
Geff ðTe Þ ¼ 

Ce ðTe ðtÞÞ @Te ðtÞ
þ G0 :
Te ðtÞ
@t

(22)

Equation (22) is consistent with Kaganov’s original expression12,25 and Allen’s derivation of the e-p thermal relaxation.27
Given the transient electron temperature that is obtained from
pump-probe thermoreflectance data (which relates the reflectivity of the sample surface to the transient temperature
change), the effective e-p coupling factor can be determined
through Eq. (22). Note, we use the term “effective” to describe
the e-p coupling factor in Eq. (22) as the pump-probe experiments take into account various scattering mechanisms other
than purely e-p scattering. In Sec. IV C, we will apply Eq. (22)
to analyze previously reported experimental data to evaluate
the role of e-e scattering on overall e-p relaxation at high temperatures during d-band excitation in gold.
C. Electron-phonon coupling at high electron
temperatures

To investigate the e-p dynamics at high electron temperatures and e-p nonequilibrium, we modify the model of Chen
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et al.24 to account for the d-band thermal excitation. At high
e-p nonequilibrium, thermal excitations from the d-band will
affect the various scattering mechanisms, which can lead to
faster electronic relaxations as demonstrated by the model of
Lin et al.26 Therefore, in this section, we modify Eq. (1) to
account for changes in e-e and e-p scattering due to d-band
excitations at high temperatures.
We start with the expression derived by Kaganov for the
rate of energy transfer between electrons and the lattice,
which considers all one-phonon emission and absorption
processes25
 
 5 ð TD =Te
@U
2 m2 U 2 ðkB TD Þ5
Te
x4
dx
¼
TD
ex  1
@t ep ð2pÞ3
h7 qv4s
0
 5 ð TD =Tp

Tp
x4
dx ;
(23)

TD
ex  1
0
where q is the mass density. In the limiting case of high temperatures Te, Tp  TD, Eq. (22) can be expressed as
 


p2 ne mv2s
@U
1
1
¼
;
(24)

6
@t ep
se ðTe Þ se ðTp Þ
where se(Te) and se(Tp) are the time of free flight of electrons
at the electronic and lattice temperatures, respectively. In
deriving the general form of energy exchange given in Eq.
(1), Chen et al. considered both e-e and e-p scatterings
events to calculate the electron collision frequency, se–e
¼ ( e–e þ  e–p)1, where  e–e and  e–e represent the e-e and
e-p collision rates.24 For high temperatures (Tp > TD) but in
the limit of electron energy that is less than the Fermi
energy,  e–e ¼  e0 (TF/Te)2 and  e–p ¼  p0 (TF/Tp), where  e0
and  p0 are material constants. Therefore, se ðTe ; Tp Þ
¼ ðAee Te2 þ Bep Tp Þ1 , where the material constants, Aee ¼
ðe0 TF2 Þ1 and Bep ¼ ðp0 TF Þ1 are generally determined at
low temperatures as discussed in Section III.9,40,50
Replacing se(Te, Tp) in Eq. (24), we get the general
expression for the rate of energy exchange between electrons
and the lattice that is applicable at high temperatures24
 
@U
p2 ne mv2s
¼
½Aee ðTe þ Tp Þ þ Bep ðTe  Tp Þ: (25)
6
@t ep
Thus, the temperature-dependent e-p coupling factor described
in Eq. (1) is obtained from the above expression. However, the
use of constant Aee and Bep (that are determined at low temperatures) in Eq. (1) may not be applicable to situations where a
significant portion of d-band electrons are perturbed, which
renders Aee and Bep to be dependent on electron temperature.
Therefore, we modify Chen’s expression for the e-p coupling
factor to accommodate for the temperature dependency of
these scattering constants to extend this model to free-electron
metals with arbitrary density of states
Geff ¼

p2 mv2s ne
Aee ðTe ÞðTe þ Tp Þ þ Bep ðTe Þ :
6

(26)

The electron temperature dependence of the scattering coefficients is estimated with an approach similar to that

discussed by Chan et al.51 The temperature dependency of
Bep is assumed to take the form
Bep ðTe Þ  Bep;0 ð1 þ Cep nd ðTe ÞÞ;

(27)

where Bep,0(1.1  1011 s1 K1) is the low temperature
value that we determined from fitting of the thermoreflectance data in Sec. III and Cep represents the ratio of the
d-band e-p coupling to the s-band e-p coupling; nd is the
number density of the other electronic bands away from
the Fermi level. For Au, nd is the number density of the 5d10
bands that areÐ thermally excited per atom. This is calculated
by nd ðTe Þ ¼  Dd ðÞð1  f Þd, where Dd is the density of
states of the d-bands, which is obtained from the ab initio
density of states calculations for Au.15 Similarly, for Aee(Te),
we use the expression by Chan et al.,51 and since the number
of d-band electrons thermally excited to the s-band is identical to the number of d-band holes excited in the d-band
Aee ðTe Þ  Aee;0 ð1 þ Cee nd ðTe ÞÞ;

(28)

where Aee,0d (1.3  107 s1 K2) is the low temperature
value that we determined from the thermoreflectance fitting
described in the earlier section. Chan et al.51 estimates Cee,
the corresponding ratio of e-e scattering, as Cee ¼ 150 based
on the ratio of Aee,0 for Ni to free electron metals. The reasoning behind using Aee,0 for Ni is because it has d-bands
overlapping the Fermi level so that the low temperature e-e
scattering coefficient in Ni is dominated by d-band hole scattering where the coefficients in free electron metals are
dominated by the s-band electron scattering. Using this same
approach for Bep, we determine Cep ¼ 200. We assume that
the effective mass, m, is constant in Eq. (26) since we are
interested in Au in this study, and therefore the e-p scattering
will be dominated by electrons excited into the s-band.
At relatively high electronic temperatures of 10 000 K
for Au, the contribution from d-band electrons to the total
number density of excited electrons is 8%. However, Eqs.
(27) and (28) predict a relatively large change in the scattering coefficients Bep and Aee compared to the constant, low
temperature-determined scattering coefficients (by 18 and
14 folds, respectively) due to d-band excitation at
Te  10 000 K. Therefore, Geff predicted by Eq. (26) with the
temperature-dependent scattering coefficients increases by
more than 15-fold compared to the prediction from Eq. (1),
with constant scattering coefficients at these relatively high
temperatures. As apparent from the discussion above, this
large change in Geff at high electron temperatures is due to
the increased scattering rates of the excited electrons, while
the increase in electron number density on the Fermi surface
has a relatively negligible effect. Therefore, for the purpose
of Eq. (26), it is acceptable to assume that ne is constant.
While this assumption is valid for Au, and other free electron
metals, we caution that this model may not be applicable for
transition metals with a large variation in the electronic density of states around the Fermi energy.
Figure 5 shows the calculations of Eq. (26) along with
the predictions of Eq. (1) (the model of Chen et al.)24 and
Eq. (2) (the model of Lin et al.)26 for Au. As mentioned
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FIG. 5. Various models for the e-p coupling factor discussed in the text as a
function of electron temperature perturbation. Also included are experimental data from Ref. 40 at high electron temperatures. The agreement between
the high temperature experimental data and our model in Eq. (26) represents
the significance of accounting for e-e scattering and d-band excitations in
determining Geff.

above, at higher temperatures, when d-band electrons are
excited near the Fermi surface, Eq. (26) predicts a larger
increase in the effective e-p coupling factor beyond the prediction from Eqs. (1) and (2). This is due to the fact that Geff
in Eq. (26) takes into account e-e scattering as per the model
of Chen et al.24 and also considers scattering due to d-band
electrons and holes. The TTM approach cannot be used to
determine Geff since the e-p coupling is clearly nonlinear
(from the model of Lin et al.),26 and therefore RTA solutions
to energy decay break down. However, Eq. (22) is still valid
and to test Eq. (22) at high electron temperatures, we apply it
to the electron temperature (0.94 eV) temporal profile
measured by Wang et al.40 We only apply Eq. (22) to three
data points after the peak temperature of Fig. 2 in Ref. 40 to
avoid any substantial lattice heating. Geff as a function of
temperature from the data of Wang et al. are plotted in Fig. 5
(hollow circles) and show good agreement with the prediction of Eq. (26). This indicates the importance of accounting
for e-e scattering that considers the d-band electrons in interpretation of high temperature electron relaxation data, since
this substantially contributes to the overall e-p equilibration
process. It should be noted that due to the large increase in
electron relaxation when d-band electrons and holes are
excited near the Fermi surface and electrons thermalize at a
much faster rate, it is expected that even if the high temperature measurements were taken on thinner films, the effects of
the d-band excitations on electron relaxation would far outweigh the potential effects of electron boundary scattering.
V. SUMMARY

In summary, we have studied the temperature dependency of electron relaxation after short-pulsed laser absorption that creates nonequilibrium within and between the
electronic and the vibrational states. An analytical expression
is derived for the electron-phonon coupling factor in a metal

J. Appl. Phys. 118, 215101 (2015)

with a nonthermal electron distribution. In the low perturbative regime, the nonthermal electron gas can still interact
with the phonon system but at a much slower rate than the
corresponding thermalized electron distribution. As a consequence, the interaction of nonthermal electrons with the surrounding lattice can lead to the transient behavior of the
electron-phonon relaxation rate, contrary to the monotonous
nature of coupling demonstrated by the thermalized distribution at low electron perturbations. However, even with the
inclusion of nonthermal electron-phonon coupling in the
general expression for the electron-phonon coupling factor,
the high rates of energy transfer measured by thermomodulation techniques for high absorbed laser fluences cannot be
predicted by these models. We have attributed this disagreement to the fact that these analytical models do not account
for electron-electron scattering, a process which is present
during relaxation of a short-pulsed excited electronic system
with a thermalized phonon system in a metal. Consequently,
by comparing the experimentally measured thermoreflectance responses of a thin Au film at different laser fluences
to the two-temperature model based on the various
electron-phonon coupling models, we demonstrated that
not accounting for electron-electron scattering can significantly under-predict the electron relaxation rates at elevated
electron perturbations. Furthermore, for electron temperatures >3000 K, we derive a procedure that accounts for
electron-electron and electron-phonon scattering during
electron-phonon thermalization using an ab initio electronic
density of states to properly account for the shape of the
5d10 bands in Au. By accounting for d-band excitations at
high electron perturbations, we show good agreement
between our analytical model with previous experimental
data, further demonstrating the role of electron-electron
scattering during electron-phonon relaxation under conditions of strong nonequilibrium.
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