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Sample Preparation
RF sputter deposition was used to fabricate the a-Si thin films used in this
study. The films vary in thickness from 2 – 1632 nm and were all deposited
on silicon substrates. The fabrication process involved patterning of a silicon
wafer by photolithography process, deposition of amorphous Si thin film with RF
sputtering, lift-off process to get precise measurement for the film thickness, and
e-beam deposition of aluminum on top of the thin film. This aluminum layer acts
as an opto-thermal transducer in our TDTR procedure. The thicknesses of the
a-Si films were varied by the deposition time of the RF sputtering and measured
with a profilometer. The RF sputtering was carried out with a RF source (13.56
MHz) instead of DC source to avoid charge build up in the thin film. After the
entire chamber was pumped down to the pressure of 10−6 Torr, the sputtering
conditions were maintained with 3 mTorr carrier gas pressure of Ar and gun
power of 300 W to sustain the plasma for a certain period of deposition time.
The intrinsic target Si was used to avoid any type of doping incorporation in
the thin film, which can change the characteristics of the thermal properties of
interest.
Aluminum was deposited on top of the a-Si by e-beam evaporation. The
chamber was pumped down to a base pressure of 2x10−6 Torr and at a voltage
of 10 kV, e-beam current was increased at a rate of 10 mA/min to reach 160
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Table S1: Elemental composition and Si speciation for old and new samples
before and after cleaning with Ar+ ion beam
Sample Type

C 1s %

O 1s %

Si 2p %

C thickness (nm)

Si %

SiOX %

SiO2 %

Sample uncleaned
Sample cleaned

56.9
22.5

12.0
4.4

31.1
73.1

2.9
0.9

79.8
78.8

13.7
20.9

6.5
0.3

mA. The shutter between the source and the sample was then opened to allow
a deposition rate of 2 Å/s. Average Al thickness deposited was 80.72 nm as
measured with profilometry. Using the decay signal in our TDTR measurements
within a picosecond acoustics regime, we verify this thickness to within ±3 nm.
Sample Characterization
All a-Si samples were characterized using X-ray photoemission spectroscopy
(XPS). XPS spectra were acquired by a Kratos AXIS DLD Ultra photoelectron
spectrometer using a monochromatic Al Kα source operating at 225 W. Charge
compensation was accomplished using low energy electrons. Samples were analyzed at 90◦ take-off angles (8 - 10 nm depth). Survey spectra of each area
were completed first at 80 eV pass energy for 4 min. High-resolution spectra
of C 1s, O 1s and Si 2p were then acquired at pass energy of 20 eV for 6 min.
Linear background was used for elemental quantification of C 1s, N 1s, O 1s and
Si 2p spectra. Quantitative analysis is based on sensitivity factors provided by
the manufacturer. All spectra were charge referenced to the aliphatic carbon at
284.8 eV. Curve fitting analysis was carried out using individual peaks of constrained width, position, and 70 % Gaussian/30% Lorentzian line shape. Three
areas per sample were analyzed.
The Ar+ ion gun on the Kratos AXIS Ultra photoelectron spectrometer
was used as the argon beam source for cleaning top layers of the sample. The
2 cm x 2 cm areas on the samples were sputtered with a 5 keV Ar ion beam
operating at 25 mA emission current for 3 minutes each. Small area 100 micron
C 1s, O 1s and S 2p high resolution spectra were acquired from the sputtered
areas for 15 minutes at 20 eV pass energy. Table 1 shows the elemental composition and Si speciation for the samples before and after cleaning with Ar+ ion
beam. The pristine surfaces contain a large amount of carbon at 57 %. After
ion beam sputtering approximately 1 nm of carbon overlayer is still retained.
Pristine samples differ in the chemical environment significantly. After cleaning the surface with ion beam, the chemistry of the samples changed slightly as
silica was completely removed, but silicon oxide was still a significant component
of the surface.
Raman spectroscopy was used to confirm the amorphous nature of the films
and assess the presence of oxygen that may have evolved with oxidation. To
this end, Raman spectra were acquired using a Witec alpha300R Raman system
implementing 532 nm light and a 100x/0.95 objective. Powers were kept below
0.5 mW to minimize heating and curb any laser-induced damage. Shown in
Figure S1 are average spectra acquired on a-Si films and that of a film of SiO2 .
For both spectra, the narrow band at ∼520 cm−1 characteristic of the triply
degenerate optical phonons at the Γ point of the Brillouin in crystalline silicon
is absent. Crystalline silicon is therefore not present in the films.
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Figure S1: Normalized Raman spectra of thin films of amorphous Si and that
of SiO2
The Raman spectra between the a-Si film and that of SiO2 are extremely
similar having a major band near 465 cm−1 and an additional feature at ∼605
cm−1 . In the case of SiO2 , the most prominent mode is expected in the 450 - 460
cm−1 spectral window and is correlated with the vibration of 6-member rings
[1, 2]. The mode at ∼605 cm−1 has been ascribed to a defect mode in SiO2 [3].
For a-Si, meanwhile, a prominent mode is expected at ∼480 cm−1 [4, 5, 6, 7]
with stretching and “wagging” modes at ∼600 and 900 cm−1 that arise with
the interaction between the silicon matrix and hydrogen present in the material
[5]. Taken together, the heuristic typically employed for the differentiation of
a-Si and that of SiO2 is the position of the main peak where a feature located
near 460 cm−1 is assigned to SiO2 and that near 480 cm−1 is attributed to
a-Si [7]. Peak position based material discrimination is to be approached with
caution, however, as strain can shift the position of a peak thereby “fooling” the
heuristic. For instance, Sato et al. [1] provide a Raman spectrum of SiO2 with
a peak position near 480 cm−1 whereas Lannin et al. reported an a-Si signal
having a main feature near 460 cm−1 [8]. Taken together, Raman is therefore
only able to confirm the lack of crystalline Si but is not able to assess the level
of oxidation in the films.
Sensitivity Analysis
We quantify the level of sensitivity to a specific parameter using the approach
given by Costescu et al. [9], in which we take the partial derivative of the
calculated measured signal (ratio, X, Y, magnitude, or phase) with respect to
the parameter of interest. For instance, the sensitivity of a ratio measurement
to thermal conductivity of the a-Si layer would be calculated via:
Sκa−Si =

∂(−Vin /Vout )
∂(κa−Si )
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Figure S2: Sensitivity of calculated ratio of measured signal on a 10 nm a-Si film
thickness sample (a) and 200 nm a-Si film thickness sample (b) to hK,a−Si/Si ,
hK,Al/a−Si , and κa−Si .
where Vin is the in-phase component of the measured signal from the lockin amplifier and Vout is the out-of-phase component. For example, Figure S2
shows the sensitivity analysis for a 10 nm and a 200 nm thick a-Si thickness
sample, where the absolute value is taken to compare magnitures of influence
among parameters. Note that for the 200 nm sample In this case, the relative
magnitude of hK,a−Si/Si is insignificant compared to that of both hK,Al/a−Si and
κa−Si , meaning we can analyze our data based on these latter two parameters
alone. By comparison, films with thicknesses of the 10 nm a-Si film sample
shows significant sensitivity to hK,a−Si/c−Si . To understand at what thickness
we become insensitive to hK,a−Si/c−Si , we apply this sensitivity analysis procedure for a range of films thicknesses and average the magnitude of sensitivity
over the time regime of interest (200ps - 5.5 ns) to construct a sensitivity vs.
a-Si film thickness relation, shown in Figure S3. Based on this analysis, sensitivity to hK,a−Si/c−Si becomes negligible for a-Si film thicknesses greater than
approximately 150 nm.
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Figure S3: Sensitivity vs. a-Si film thickness for film thicknesses ranging from 0
to 300 nm. The inset shows the same data plotted for film thicknesses ranging
from 0 to 10 nm.
TDTR Analysis
We analyzed the TDTR ratio data by analyzing the thin film samples (a-Si
thicknesses for which there is sensitivity to the a-Si/c-Si interface) by treating
the a-Si layer as an interface and fitting for the total conductance (hK,interf ace =
Um ) and the thermal conductivity of the c-Si substrate (κc−Si ). For samples
characterized by having a semi-infinite a-Si film (a-Si film thicknesses for which
there is no sensitivity to the a-Si/c-Si interface), we fit for the thermal boundary
conductance between the aluminum transducer and the a-Si film (hK,Al/a−Si )
and the a-Si thermal conductivity. Figure S4 shows characteristic data and fits
for thin-film analysis (14 nm a-Si) and a semi-infinite film analysis (578 nm
a-Si).
We note that the thermal conductivity measured in the thicker samples,
characterized as ”semi-infinite” for modulation frequency of 12.2 MHz, is independent of modulation frequency (and therefore, thermal penetration depth).
Indeed, Figure S5 illustrates this for a sample with a-Si film thickness of 454
nm and 578 nm. In both cases, the thermal penetration depth goes beyond the
a-Si thickness, yet thermal conductivity remains constant (within experimental
uncertainty). TDTR is an effective measure of the thermal conductivity of high
thermal effusivity materials when the material is semi-infinite and the thermal
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penetration depth is relatively small; thus this thermal penetration depth independence is expected. Moreover, together with the fact that our heater diameter
is 55 microns (ensuring one-dimensional heat conduction), this implies that any
size effects on the thermal conductivity among samples can be attributed to
differences in film thickness rather than any experimental length scales.
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Figure S4: Representative TDTR data for a thin film sample (a-Si film thickness
of 14 nm) and a semi-infinite sample (a-Si film thickness of 578 nm)
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Figure S5: Thermal conductivity vs. thermal penetration depth for a-Si film of
thickness 454 nm (left) and 578 nm (right).
Series Resisor Model
We use a series resistor model to determine the intrinsic thermal conductivity
of our thin film samples given by:
1
d
1
=
+
Um
hK,total
κi

(S2)

where Um is the total measured thermal conductance across the Al/a-Si interface, a-Si layer, and a-Si/Si interface, κi is the intrinsic thermal conductivity
htotal accounts for the both hAl/a−Si and ha−Si/Si via:
1
1
1
+
=
hK,total
hAl/a−Si
ha−Si/c−Si

(S3)

Solving for κi in Eq. S2, we find:

κi =

1
1
−
Um
hK,total

−1
d=

Um dhK,total
hK,total − Um

(S4)

Defining the effective thermal conductivity, κeff , as κeff = Um d, we write:
κi =

κeff
κeff hK,total
κeff =
κeff
hK,total −
1−
d
dhK,total

(S5)

which is in agreement with the model given by [10]. Using Eq. S5, we fit κi and
hK,total to our experimental data using nonlinear least-squares fit. The best fit
value for κi is ∼1.1 W m−1 K −1 (with 95% confidence bounds of 0.9549 – 1.21
W m−1 K −1 ) while the best fit value for hK,total is ∼91.6 MW m−2 K −1 (with
95% confidence bounds of 61.72 – 121.5 MW m−2 K −1 ). To systematically
study the range of thicknesses for which this procedure is appropriate, we apply
this fitting
using all possible combinations of data in this thin film

P5procedure
regime ( i=2 6i = 57 combinations of data points). The average value for our
best fit is κi = 1.1 W m−1 K −1 with a standard deviation of 0.11 W m−1 K −1
and hK,total = 94 MW m−2 K −1 with a standard deviation of 16 MW m−2 K −1 .
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The only outlier to this best fit value for thermal conductivity came for the
combination of 3 and 7 nm films, for which κi = 1.6 W m−1 K −1 and hK,total =
87 MW m−2 K −1 . While this may suggest the assumption of constant thermal
conductivity fails for these films, it is not possible to draw a solid conclusion.
This discrepancy may be a result of the very narrow range (film thicknesses
only separated by 4 nm) over which to fit. Moreover, the sensitivity to hK,total
in this regime is extremely high, meaning that any fluctuations to this value
will drastically influence the fitted value for κi . Indeed, the fitted value hK,total
is within a standard deviation of the mean of all fitted hK,total , κi , yet κi as
fitted is almost five standard deviations above the mean for all κi . Removing
these two data points does not significantly influence the results; we calculate
κi = 1.12 W m−1 K −1 and hK,total = 82 MW m−2 K −1 , shifting our derived
thermal conductivities up in magnitude only 5%.
Using the same procedure on our a-SiO2 films, we find the best fit value for
κi is ∼1.4 W m−1 K −1 (with 95% confidence bounds of 1.2802 – 1.526 W m−1
K −1 ) while the best fit value for hK,total is ∼180 MW m−2 K −1 (with 95%
confidence bounds of 124.9 – 135.4 MW m−2 K −1 ).
Impurity and umklapp Scattering Relaxation Times
The relaxation times used to describe the scattering events in a propagondominated a-Si system are based on the equation for impurity and umklapp
scattering in bulk crystalline silicon:


C
1
= Aω 4 + BT ω 2 exp −
(S6)
τ
T
where τ is the relaxation time. The first term in Eq. S6 describes impurity scattering, while the second term describes umklapp scattering. Normal scattering
is not included since we are experimenting at room temperature; at temperatures, T, such that T ≥ 0.1θD , where θD is the Debye temperature, umklapp
scattering dominates over normal scattering such that normal scattering can
be neglected[11]. The thermal conductivity of bulk crystalline silicon can be
calculated using a kinetic theory model:
κSi

1X
=
3 j

ωmax,j
Z

~ωDj (ω)

∂f 2
v τj dω
∂T j

(S7)

0

where j is an index that refers to the polarization (longitudinal or transverse,
ωmax is the maximum frequency of phonon contribution to thermal conductivity,
~ is the reduced Plank’s constant, ω is the phonon frequency, D is the phonon
density of states, f is the phonon equilibrium distribution function (assumed
to be Bose-Einstein distribution), and v is the sound speed. Fitting to bulk
literature thermal conductivity data sampled over 100 - 700 K using a Debye
approximation, we find that A = 1.82x10−45 s3 , B = 2.8x10−19 s K−1 , and C =
182 K. Figure S6 shows the data and fit using this approach. We note that for the
film thicknesses used in the study, impurity and umklapp scattering contribute
little to the overall scattering time compared with the boundary scattering term
when applied to our propagon thermal conductivity model. Removing these
scattering term and leaving only the boundary scattering term, we find that
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Figure S6: Bulk thermal conductivity of crystalline silicon and model using best
fit parameters
our fp→d as calculated via Eq. 3 is 1.70 THz instead of the 1.82 THz calculated
when including these terms.
Total Thermal Conductivity Model
Our model for total thermal conductivity is described by the sum of contributions to thermal conductivity from diffusons and propagons:
κa−Si

1X
= κdiffuson +
3 j

ωp→d,j
Z

~ωDj (ω)

∂f 2
v τj dω
∂T j

(S8)

0

where ωp→d is the crossover angular frequency (from propagon regime to diffuson
regime) and ω is the propagon angular frequency. This model assumes that
the diffuson thermal conductivity (κdiffuson ) is constant as a function of film
thickness given that, by definition, diffusons have mean free paths on the order
of interatomic spacing. With this model, we capture our data with a best fit
value for fp→d of 1.82 THz. To validate this result, we repeat this procedure
using only the directly measured data and assuming that κdiffuson is described
by the minimum thermal conductivity model, such that κdiffuson = 1.0 W m−1
K−1 . In this case, we fit a value for fp→d of 1.87 THz, in close agreement with
our initial result.
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Molecular Dynamics: a-Si Thermal Conductivity in a
c-Si/a-SiO2 /a-Si System
We performed molecular dynamics simulations of the c-Si/a-SiO2 /a-Si system to investigate the trend of a-Si thermal conductivity with thickness. Figure S7 shows a schematic of the system. All simulations were performed in
LAMMPS [12], had boundaries periodic in the x and y directions, used a
time step of 0.5 fs, and used a Tersoff potential for atomic interactions [13] with
a modified form of the cutoff function [14]. Domain creation consisted of two
steps: vitrification of a 1 nm native oxide layer [15], and the creation and joining
of a-Si of various thicknesses to the c-Si/a-SiO2 system. Unless otherwise stated,
the system was run in the NVT ensemble (constant number, volume, temperature) with temperatures controlled by a Nosé-Hoover thermostat [16, 17] with
a coupling time of 1 ps. Three system geometries were investigated. In geometry A, the initial system consisted of 5×5×200 unit cells of c-Si, capped by
5×3×1.22 unit cells of strained SiO2 in the tridymite phase, with the c-axis
parallel to c-Si [001]. The c-Si lattice constant was set to 5.43097 Å, causing a
compressive strain of about −0.004 at 300 K.
The SiO2 was heated to 4500 K for 100 ps while the c-Si was held at 300 K.
The SiO2 was then quenched at 10 K/ps back to 300 K. Separate from the cSi/SiO2 system, a 5×5×N unit cell block of Si (N–7=9, 15, 23, 37, 58, 1461 ) was
heated from 300 K to 4500 K over 50 ps, held at 4500 K for 75 ps, then quenched
to 300 K at 10 K/ps. The newly formed a-Si was then joined to the c-Si/a-SiO2
by placing the two domains spatially adjacent to each other and giving the a-Si
a velocity of 0.1 Å/ps towards the c-Si/a-SiO2 . During the joining, the whole
system was annealed at 2000 K for 200 ps and the system momentum was zeroed
every 10 ps after 40 ps had passed to minimize undesired acoustic oscillations.
After annealing, the system was re-cooled to 300 K at 10 K/ps. Finally, the
whole system was equilibrated for 100 ps with an imposed temperature profile
close to that expected for the steady state of the non-equilibrium measurement
of thermal conductivity. That is, the c-Si portion was kept at 300 K and the
a-SiO2 and a-Si portions had a linear temperature gradient from 300 K to 340 K
imposed on them by a Langevin thermostat [18] with a coupling time of 1 ps.
System geometries B and C explored size effects other than the thickness.
In geometry B, the dependence of thermal conductivity on total system length,
not just a-Si thickness, was investigated by setting the c-Si and a-Si thicknesses
to 151 and 58 unit cells, respectively. This gave the system a total length equal
to the 9 unit cell geometry A simulation. In geometry C, the effect of the crosssectional dimensions was investigated by setting the c-Si and a-Si thicknesses to
40 and 58 unit cells, respectively, and the cross-sectional dimensions to 6 and
8 unit cells. In this case, the a-SiO2 was formed from a 6×5×1.22 unit cell block
of strained tridymite-SiO2 .2
After the domain creation, data were collected with the following procedure.
End walls were imposed on both sides and a 2×2 array of cones with radii
of 0.68 nm and height 2.72 nm were made by immobilizing atoms to mitigate
undesired size effects (Figure S7) [19]. The 2 nm thick cold and hot baths
maintained temperatures of 300 K and 340 K, respectively, using a Langevin
thermostat [18] with a coupling time of 1 ps. The Langevin thermostat is
1 The
2 The

N–7 term accounts for the wall and cones, see following paragraph
cone radii were adjusted to form a 3×4 array of cones, see following paragraph.
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effective at re-thermalizing phonons, also mitigating size effects [20]. Data were
collected over 4.5 ns (L≤31.5 nm) or 9.5 ns (L=79.3 nm) in the NVE ensemble
(constant number, volume, energy), followed by 25×216 times steps (819 ps)
during which the atomic velocities were sampled every 25 time steps to calculate
the vibrational density of states within several 1 nm thick slabs located within
the bulk c-Si and a-Si, and close to the interface. Steady state was achieved
within 200 ps after the baths were imposed. The heat flux was calculated from
the energy added to and removed from the baths. The temperature profile
was obtained by partitioning the domain into 1 nm bins and recording the bin
temperatures every 100 time steps.
Five independent systems were generated for each a-Si thickness and domain
geometry, and the thermal conductivity was calculated from k = −q/∇T . The
density of states was calculated as:
g(ω) =

X
2
mi |F [u̇i,α (t)] |2
kB T V tf i,α

(S9)

where ω is angular frequency, kB is Boltzmann’s constant, T is temperature, V
is the slab volume, tf is the duration of data collection (819 ps), mi and u̇i are
the mass and velocity of atom i, α indexes Rthe cartesian directions, and F is
∞
the Fourier transform defined as: F[h(t)] ≡ −∞ h(t)exp(−iωt)dt. The density
of states were averaged across the five trials and then smoothed by a Gaussian
filter with a standard deviation of 0.01 THz.
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Figure S7: Simulation domain schematic (not to scale) and time-averaged
steady-state temperature profiles from one trial for each thickness (geometry
A). Dashed lines denote regions where ∇T was measured to obtain k. Inset
shows the corresponding thickness-dependent thermal conductivity and the estimated contribution of propagon and diffuson populations.
Figure S7 presents the temperature profiles and thickness-dependent thermal
conductivity of geometry A. The thermal conductivity of a-Si is too low to
resolve the thermal boundary conductance of the c-Si/a-SiO2 /a-Si interface.
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The strain of about -0.004 has a negligible effect on the thermal conductivity
compared to an unstrained system [21]. The thermal conductivity of geometry B
was 1.64 ± 0.09 Wm−1 K−1 , the same as geometry A for the same a-Si thickness.
Thus, the calculated thermal conductivity depends only on the a-Si thickness.
The thermal conductivity of geometry C was 1.63±0.04 Wm−1 K−1 , so the effect
of the cross-section is negligible for dimensions on the order of a few nanometers.
We roughly estimate the contribution by propagons and diffusons of different frequencies and length-scales to the thermal conductivity as plotted in
Figure S7. The contribution by propagons with frequencies below 2.5 THz (red)
is calculated by Equation S20 with vT and vL equal to 3.9 and 7.9 nm/ps, respectively, and the same scattering coefficients as used in Equation S19. The
density of states shows that all modes below 2.5 THz are propagons (Figure S8).
The smallest a-Si thickness studied was 5 nm. Since diffusons transmit energy
by the coupling of adjacent modes, only modes with a characteristic length
scale, or radius r, of roughly 2 nm or less can contribute to the thermal conductivity of 5 nm a-Si, and this contribution (blue) should remain constant with
a-Si length. As the a-Si becomes thicker, diffuson modes with larger radii may
contribute, along with any propagons that are present above 2.5 THz (green).
The initial rise in the total thermal conductivity is therefore likely due to larger
scale diffuson modes becoming accessible as the sample lengthens. Prior simulation results show that the participation ratio of diffuson modes can remain
significant out to 2 nm [22]. Over the whole thickness range, the contribution
of low-frequency propagons increases as their mean-free-paths lengthen. Thicknesses greater than 80 nm become difficult to simulate due to the time scales
accessible to simulations.
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Figure S8: Density of states calculated from simulation for geometries A and
C having cross-sections of 5×5 and 6×8 unit cells, respectively. The data are
compared to a theoretical model given by Equation S13.
The density of states for geometries A and C are presented in Figure S8.
The two curves overlap above about 4 THz; any effect due to the cross-sectional
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dimension therefore occur below 4 THz. The data for geometry A below about
2.5 THz is well fit by a quasi-1D model (Equation S13), in agreement with the
propagon-diffuson crossover of 2.4 THz for a-Si calculated by Allen et al. [22].
The first and second peaks are due to transverse propagons with a sound speed of
3.9 nm/ps and integral wavenumbers (nx ,ny ) = (±1,0) or (0,±1) and (±1,±1),
respectively. The data and model for geometry C begin to diverge at about
2.0 THz. It is possible that as the cross-sectional dimensions are increased,
the cross-over frequency would approach a finite constant that agrees with the
experiment. Even so, the low frequency trend in the simulated density of states
markedly differs from the 3-D Debye density of states, indicating that the size
effects exhibited in the molecular dynamics simulation should not be assumed
to have the same form as in experiment.
The quasi-1D density of states exhibited in these simulations will matter
most for simulations of glasses and alloys, where the low frequency energy carriers may contribute a significant amount to the total thermal conductivity. Such
simulations may not recreate the vibrational physics relevant to transport in
the experimental system. Furthermore, the cross-sectional dimensions of about
2.7 nm for geometry A are less than the effective radius of many extended diffuson modes [22], which might introduce additional size effects into the diffuson
population which would not be present in the experimental system. Nevertheless, the a-Si thermal conductivity exhibits a clear length dependence up to
the thickest samples investigated (Figure S7). One notes, however, that this
increase becomes less significant as film thickness increases, such that thermal
conductivity (specifically the contribution from diffusons) shows an asymptopic
trend as film thickness increases.
We caution that the MD-predicted thermal conductivities for amorphous
materials depend on the sample preparation method such as the melt-quench
procedure and annealing time implemented during sample preparation. To this
end, we have conducted additional NEMD simulations on isolated amorphous
Si (with thicknesses similar to those used for the system geometries reported
above) prepared after annealing at 1100 K for 10 ns. This results in the removal
of metastability as evident from the decrease and plateau in the sample potential energy. Further, we use a relatively slower quench rate of 0.3 K/ps during
our sample preparation. The thermal conductivities for the structures prepared
with this procedure are slightly lower than those reported for the above geometries, however, the trends in the increase in thermal conductivity with sample
thickness remains unchanged.
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Quasi One Dimensional Density of States
In this section we derive the phonon density of states for a quasi one dimensional system, for which the wavenumbers in the x and y directions may only
take on discrete values. The number of states between kz and kz + dkz for a
true one dimensional system is:
L
dkz
(S10)
2π
where kz is the wavevector in the one direction permitted in the one dimensional
system, and L is the length of the system. Now, expanding the one dimensional
system in the cross-sectional direction so that the x and y boundaries are periodic and not too long, the Debye approximation gives a phonon dispersion:
q
(S11)
ω = vj kx2 + ky2 + kz2
N (kz ) = 2

where vj is the group velocity of the j th polarization. Because of the periodic
boundaries, kx may only take on values of 2πnx /Lx , where nx is an integer
and Lx is the length of the system in the x direction, and likewise for ky . The
number of states between ω and ω + dω is thus:
Lω
N (ω) =
π vj2

"


ω2
− kx2 + ky2
vj2

#− 12
dω

(S12)

Normalizing by the system volume and the frequency interval;
qsumming over
nx , ny , and j, and noticing that the minimal value of ω(kz ) is vj kx2 + ky2 yields
the density of states as:

X X ω
1
g(ω) =
πLx Ly j n ,n vj2
x

"

y


ω2
− kx2 + ky2
vj2

#− 12

q


H ω − vj kx2 + ky2 (S13)

where H(ξ) is the Heaviside function.
Confined Propagon Thermal Conductivity
The effect of confinement as evidenced by the low frequency density of states
(Figure S8) affects the thickness-dependent thermal conductivity as calculated
by simulations (Figure S7). The contribution of the low frequency propagons
present in the simulation domain may be estimated from a phonon transport
calculation approach. We assume that all energy carriers below a certain cutoff
frequency are propagons that scatter with a rate that composites propagonpropagon scattering and propagon boundary scattering. We also use a Debye
approximation. The heat flux of a quasi one-dimensional system is:
J=

1X X
vj,z ~ωf
L j n ,n ,n
x

y

(S14)

z

where L is the length of the quasi one-dimensional system, j indexes polarizations, nx,y,z are integers defining the wavevector, vz is the velocity in the axial
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direction, ~ is the reduced Planck’s constant, ω is angular frequency, and f is
the phonon occupation. For a true one-dimensional system, there would be only
one polarization and nx and ny would be restricted to zero.
Converting the sum over nz to an integral over wavenumber kz and splitting
the integral in two yields:
Z 0

Z ∞
1 X X
J=
vj,z ~ωf2 dkz +
vj,z ~ωf1 dkz
(S15)
2π j n ,n
−∞
0
x

y

The left- and righthand integrals account for propagons traveling in the
negative and positive z directions, with populations of f2 and f1 , respectively.
The integrals over wavenumber can be converted to integrals over frequency
using the Debye dispersion:
dkz =

|k|
dω.
vj kz

kz
Since vj,z = vj |k|
, Equation S15 becomes:
Z ωmin

Z ωmax
1 X X
~ωf2 dω +
~ωf1 dω
J=
2π j n ,n
ωmax
ωmin
x

where ωmin = vj

(S16)

(S17)

y

q
kx2 + ky2 .

From kinetic theory [23], the difference in population between propagons
traveling in the positive and negative directions having the same frequency is,
within a linear approximation, given by:
∂f0 ∂T
(S18)
∂T ∂z
where f0 is the equilibrium propagon distribution given by the Boltzmann distribution for classical molecular dynamics. The relaxation time, τ , is modeled
having contributions from boundary scattering and propagon-propagon scattering:
f1 − f2 = −τ vz


−1
2vz
B
2
τ=
+ AT ω exp −
L
T


(S19)

Finally, plugging Equation S18 into Equation S17, normalizing by the domain’s cross-sectional area, and comparing to Fourier’s Law yields the final
result:
# 12

" 2
Z

1
~2 X X ωmax
~ω
ω
kprop =
ωexp −
− kx2 + ky2
vj2 τ dω
2πLx Ly kB T 2 j n ,n vj √kx2 +ky2
kB T
vj2
x

y

(S20)
where kx,y = 2πnx,y /Lx,y , Lx and Ly are the cross-sectional dimensions and kB
is Boltzmann’s constant.
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