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We investigate thickness-limited size effects on the thermal conductivity of amorphous silicon thin films ranging
from 3 to 1636 nm grown via sputter deposition. While exhibiting a constant value up to ∼100 nm, the thermal
conductivity increases with film thickness thereafter. The thickness dependence we demonstrate is ascribed to
boundary scattering of long wavelength vibrations and an interplay between the energy transfer associated with
propagating modes (propagons) and nonpropagating modes (diffusons). A crossover from propagon to diffuson
modes is deduced to occur at a frequency of ∼1.8 THz via simple analytical arguments. These results provide
empirical evidence of size effects on the thermal conductivity of amorphous silicon and systematic experimental
insight into the nature of vibrational thermal transport in amorphous solids.
DOI: 10.1103/PhysRevB.93.140201

The influence of size effects on the phonon thermal
conductivity of crystalline thin films has been the topic of
a wide array of studies [1–4] that have shaped the direction
of fields rooted in nanoscale heat transfer and applications
reliant on nanotechnology. It is well known that for films with
thicknesses less than the length scale of their phonon mean free
paths, thermal conductivity can be reduced due to incoherent
boundary scattering of phonons ballistically traversing the
film. By comparison, the role of size effects on the thermal
conductivity of disordered or fully amorphous solids has been
examined to a lesser extent. Unlike crystalline solids, in which
a well defined spectrum of phonons exists in a periodically
repeating lattice, the vibrational modes in disordered solids are
described using a different taxonomy due to the lack of atomic
periodicity [5]. In these systems, the vibrational modes can
be classified as propagating, delocalized (phononlike) modes
called “propagons”; nonpropagating, delocalized modes called
“diffusons”; and nonpropagating, localized modes called
“locons” [5–8]. Previous studies have demonstrated that
propagating modes in disordered and amorphous systems
can contribute significantly to the thermal conductivity of
certain materials, such as amorphous silicon nitride [9], and
disordered silicon-germanium alloys [10,11]. This implies that
in highly disordered or amorphous thin films, size effects in
the vibrational thermal conductivity can exist depending on the
degree to which propagating modes contribute to the thermal
conductivity. However, in other amorphous thin films, namely,
SiO2 and Al2 O3 , size effects in the thermal conductivity have
not been observed [6,12].
Taken together, the impact of size effects on the thermal
conductivity in amorphous solids remains underdeveloped.
The study of heat carrier mean free path contributions to
thermal conductivity has evolved significantly over the past
decade [13] through analytical methods such as the thermal
*
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conductivity accumulation function [14] and experimental
methods such as time domain thermoreflectance (TDTR) [15]
and broadband frequency domain thermoreflectance [16]. In
the approach taken here, we use TDTR to measure the
thermal conductivity of amorphous silicon films of varying
thicknesses, an approach that Zhang et al. [4] analytically
demonstrated can provide information regarding the spectral
dependence of the phonon thermal conductivity in nanosystems. While our results provide similar insight into the role
of long mean free path propagons to the thermal conductivity
of amorphous silicon as that reported by Liu et al. [17], our
approach is fundamentally different. The approach of Liu et al.
relied on varying the modulation frequency, and hence the
thermal penetration depth and resulting measurement volume
beneath the surface in order to isolate the role of propagons
with mean free paths larger than the measurement volume
on the thermal conductivity measurement. Our approach of
varying the amorphous silicon film thickness in a regime
in which we sample a substantial portion of the thickness
leads our measurements to be independent of modulation
frequency. This allows us to report an intrinsic value of
thermal conductivity of our samples, gives direct insight into
the role of boundary scattering of propagons on the thermal
conductivity in the amorphous silicon, and avoids any potential
complications or misconceptions regarding the interpretation
of modulation frequency-dependent TDTR data that otherwise
could cloud our results [16,18–20].
Examining the vibrational taxonomy discussed above, if the
amorphous solid’s thermal conductivity contains a significant
contribution from propagons compared to nonpropagating
modes, then size effects should play a role in thermal
conduction. That is, increasing film thickness will reduce
propagon-boundary scattering as films approach the length
scales of propagon mean free paths, allowing these propagons
to contribute to thermal conductivity. Amorphous silicon (a-Si)
serves as a suitable candidate to study this hypothesis given the
well established literature both experimentally [16,17,21–27]
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FIG. 1. Literature data for thermal conductivity of amorphous
silicon as a function of film thickness: solid squares represent samples
prepared via sputter deposition [16,22–24], solid diamonds represent
samples prepared via e-beam evaporation [26], open diamonds
represent samples prepared via hot-wire chemical vapor deposition
(HWCVD) [17,27], open squares represent sample prepared via lowpressure chemical vapor deposition (LPCVD) [25], and closed and
open circles represent samples prepared via thermal evaporation and
cyclic plasma chemical vapor deposition (CPCVD), respectively [21].

and computationally [5,6,28]. These computational studies
suggest that propagons can contribute significantly to thermal
conductivity when not restricted by forced scattering (e.g.,
by boundaries). Thus, clear size effects on the measured
thermal conductivity of a-Si films should be observable, driven
by propagon-boundary scattering. Figure 1 summarizes the
literature data on experimentally measured values of a-Si
thermal conductivity as a function of film thickness. While
a general trend of increasing thermal conductivity with film
thickness is observed, the lack of uniform growth conditions
among samples hinders any insight into discerning intrinsic
properties from by-products of fabrication or measurement
technique. It is clear that in order to study the nature of
long-wavelength heat carriers and the role of film thickness
on a-Si thermal conductivity, a systematic study with samples
prepared under identical growth conditions is necessary.
To this end, we measure the thermal conductivity of a
series of amorphous silicon thin films ranging in thickness
from 3 to 1636 nm. Our results not only demonstrate size
effects in the thermal conductivity, which remain pronounced
up to the thickest films, but also show evidence of a crossover
from a constant thermal conductivity to an increasing thermal
conductivity. We analytically study this trend under the
hypothesis that it is driven by an increasing contribution from
propagons with increasing a-Si thickness [6]. Using a kinetic
theory approach to modeling the thickness-dependent thermal
conductivity, we empirically determine a propagon/diffuson
crossover frequency in our a-Si samples, which is in excellent
agreement with previous theory and molecular dynamic simulations [5,6]. Our results provide experimental support to the
progagon/diffuson/locon taxonomy describing the underlying
vibrational thermophysics driving the thermal conductivity

of a-Si, while also highlighting the shortcomings of the
minimum thermal conductivity model for describing the
thermal conductivity of thick a-Si films [29].
We fabricated a-Si films on native oxide/silicon substrates
using rf sputter deposition. Nominally 80 (±3) nm of Al
was deposited on top of the a-Si samples by electronbeam evaporation to act as an optothermal transducer during
our thermal conductivity measurements; we verified the
thickness of the Al film on each sample using mechanical
profilometry and picosecond acoustics [30,31]. As detailed
in the Supplemental Material [32], we characterize the a-Si
films with x-ray photoemission spectroscopy to quantify the
chemical composition and Raman spectroscopy to confirm the
amorphous nature of the films.
We measured the thermal conductivity of the a-Si using
TDTR, the details and analyses for which are described
elsewhere [15,33,34]. Our specific setup is described in
Ref. [35]. We measure the ratio of the in-phase to out-of-phase
voltage of the probe response as a function of pump-probe
delay time using pump and probe 1/e2 spot sizes (diameters)
of 55 and 13 μm, respectively, while the pump pulses
are modulated with an f = 12.2 MHz sinusoidally varying
envelope. Using a multilayer, radially symmetric thermal
model [15,34], we fit for the thermal boundary conductance
between the Al transducer and the a-Si film (hK,Al/a-Si ) and
the a-Si thermal conductivity (κa-Si ). We assume bulk values
for the heat capacity of the Al transducer, a-Si film, and Si
substrate [36,37]. Using a modulation frequency of 12.2 MHz,
the thermal penetration depth is relatively shallow (roughly
140–180 nm √using a calculation for thermal penetration
depth as δ ≈ κa-Si /πf Ca-Si , where C is the volumetric heat
capacity). As a result, for the samples greater than δ, we can
measure hK,Al/a-Si and κa-Si without knowledge of the thermal
boundary conductance across the a-Si/native oxide/Si substate
interface, and for thicknesses greater than approximately
δ/0.47, we can assume the a-Si film as semi-infinite compared
to the modulated pump-induced thermal wave [38]. While this
semi-infinite assumption simplifies the analysis, we note that
to ensure our results are independent of thermal penetration
depth, we repeat measurements over modulation frequencies
ranging from 1.0 to 12.2 MHz (corresponding to thermal
penetration depths between ∼150 and 600 nm) and confirm
consistency among results [32].
It is important to realize that as the film thickness decreases
to thicknesses less than the Al transducer thickness, TDTR
measurements become more sensitive to the thermal conductance of the film (κa-Si /d), where d is the film thickness, and
lose sensitivity to the thermal mass of the film (Cd). In this
thin-film regime, the intrinsic thermal conduction of the film
must be separated from the thermal boundary conductance
across the a-Si/native oxide/Si interface (hK,a-Si/c-Si ), especially
when hK,a-Si/c-Si ≈ κa-Si /d and the thermal penetration depth
during TDTR experiments is on the order of, or greater than,
the film thickness. In general, this thin-film regime can be
loosely defined as having a thickness less than the thermal
penetration depth. To appropriately quantify this regime,
we apply sensitivity analyses in which we perturb several
parameters in our TDTR analysis to determine the magnitude
of influence for these parameters on the results [32]. We
find that the thermal conductivity measured for samples with
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FIG. 2. Thermal conductivity of amorphous silicon (amorphous
silica) samples: filled squares (filled triangles) represent thermal conductivity as measured without the influence of hK,a-Si/c-Si (hK,a-SiO2 /Si ),
while open squares (open triangles) denote the derived thermal
conductivity as determined using Eq. (2). The dashed line at κ =
1.4 W m−1 K−1 represents the literature bulk value of SiO2 thermal
conductivity [40], while the dotted line at κ ≈ 1.1 W m−1 K−1
represents the fitted value for the thermal conductivity of our a-Si thin
films using Eq. (2). Shown in the inset is a plot of effective thermal
conductivity of a-Si thin-films vs film thickness and the model using
Eq. (2) with best fit values for κi and hK,total .

thicknesses less than ∼150 nm includes an additional thermal
resistance due to the substrate interface that masks its intrinsic
value.
Analysis of samples within this thin-film regime (d <
150 nm) can be difficult. Lee and Cahill [39] showed that if the
intrinsic thermal conductivity is independent of film thickness,
a series resistor model can be used to account for the presence
of the interface resistance being measured during TDTR. In
parallel with molecular dynamics described in detail in the
Supplemental Material [32], we systematically study this with
the initial assumption that the series resistor model is valid for
all film thicknesses in the thin-film regime. To model intrinsic
thermal conductivity, we use the following:
1
1
d
=
+ ,
Um
hK,total
κi

(1)

where Um is the total measured thermal conductance across
the Al/a-Si interface, a-Si layer, and a-Si/c-Si interface; κi is
the intrinsic thermal conductivity; and hK,total accounts for the
both hK,Al/a-Si and hK,a-Si/c-Si in series using a thermal circuit
model. Defining κeff = Um d, we rearrange Eq. (1) to become
κeff
(2)
κi =
κeff .
1−
hK,total d
Using Eq. (2), we fit κi and hK,total to our experimental
data (six data points classified by the thin-film regime) using a
nonlinear least-squares fit. If the aforementioned assumptions
are correct, we should observe a good fit to our data. Indeed,
this is the case, as shown in the inset to Fig. 2. The best fit

value for κi is 1.1 (±0.15) W m−1 K−1 while the best fit value
for hK,total is 92 (±30) MW m−2 K−1 , where uncertainty is
based on 95% confidence bounds. To further validate these
results, we repeat this procedure using all subsets of data
points within the set of films used in this initial calculation;
we find a remarkable consistency among all combinations,
indicating that this procedure gives an acceptable average for
the thermal conductivity for films in the thin-film regime.
Moreover, it demonstrates that any film size effects on thermal
conductivity are relatively insignificant, such that we proceed
under the assumption that thermal conductivity for films less
than ∼100 nm is constant.
To understand the sensitivity of this data to the fitted value
for hK,total , we use this value [92 (±30 MW m−2 K −1 ]
and corresponding uncertainty to calculate κi values for
each film thickness via Eq. (2); we denote these values
as “derived” thermal conductivities to distinguish them
from measured values. Both derived and measured thermal
conductivity values are shown as a function of thickness in
Fig. 2. Uncertainty in the data includes contribution from
uncertainty in Al and a-Si film thickness as well as uncertainty
in fitting. Sensitivity to hK,total becomes more prominent
with decreasing film thickness, hence the large uncertainty
associated with the estimated thermal conductivity of the
thinnest films. Note that the 150 nm film, not analyzed with
this thin-film procedure, still shows near-negligible film size
dependence on its thermal conductivity.
To confirm the validity of this analysis technique, we
follow the same procedure with a-SiO2 thin films grown
via dry oxidation. We find that the best fit value for κi is
∼1.4 (±0.13) W m−1 K−1 , while the best fit value for hK,total
is ∼180 (±55) MW m−2 K−1 , where again uncertainties
are based on 95% confidence bounds. This fitted value of
1.4 W m−1 K−1 is in excellent agreement with the bulk value
for thermal conductivity of amorphous silica [40]. Moreover,
these findings suggest that any size dependence observed
in our a-Si data are not a result of partial oxidation of the
films.
We move forward in our analysis with the assertion that
the intrinsic thermal conductivity of our a-Si films below
∼100 nm is relatively constant (κi = 1.1 W m−1 K−1 ). Figure 2
depicts the thermal conductivity over the entire range of
thicknesses measured in this study; a clear increasing thermal
conductivity trend is observed with increasing film thickness
beyond ∼100 nm. Given that the thermal conductivity of these
films is determined to be intrinsic to the a-Si layer and that
films with thicknesses greater than the thermal penetration
depth have near-negligible sensitivity to the a-Si/substrate
interface, we hypothesize that our measurements are sensitive
to the increasing thermal effusivity of the a-Si due to the
increased contribution of propagon modes to thermal transport.
In other words, for films with thicknesses less than the mean
free path of propagons, these propagons are traversing the
thickness of the a-Si ballistically and scattering at the a-Si/c-Si
interface, leading to a reduction in the thermal conductivity.
Thus, size effects in these long-wavelength modes become
less pronounced as the film thickness is increased, leading to
an increase in thermal conductivity, an experimental result
that has been demonstrated in crystalline solids [1,2] and
disordered alloys [10]. As the limit of this contribution to
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thermal conductivity by propagons approaches zero, we are
left with only contribution by diffusons; we therefore attribute
the constant thermal conductivity we derive above to diffuson
thermal conductivity. This experimentally observed conclusion is consistent with Larkin and McGaughey’s [6] recent
molecular dynamics simulations, which predicted a diffusion
thermal conductivity in a-Si of 1.2 (±0.1) W m−1 K−1 and
attributed size effects in a-Si to be driven by propagonboundary scattering.
We compare this derived value for diffuson thermal conductivity to the prediction from the minimum thermal conductivity
(κmin ) model, given by Cahill et al. [29]. For amorphous silicon,
κmin as calculated by this model is ∼1 W m−1 K−1 , in close
agreement with what we observe in our results. This model
treats atomic vibrations as harmonic oscillators having a single
frequency and assumes scattering events necessarily occur at
distances equal to the interatomic spacing. This κmin model
captures the nature of diffusons given the small length scales
over which diffusons transfer energy (<10 nm) [28]. However,
the model fails to capture the nature of propagon contribution
to thermal conductivity, as evidenced by our data in Fig. 2.
Thus, an improved model is needed to describe the thermal
conductivity of all heat carriers in a-Si.
Our data suggest two regimes of thermal conductivity in
a-Si films: the regime of relatively constant thermal conductivity that is dominated by diffuson transport (d < 100 nm,
κdiffuson = 1.1 W m−1 K−1 ) and a regime of increasing thermal
conductivity dominated by propagon transport (d > 100 nm).
Based on these regimes, the rate of increase in thermal
conductivity of films in the “propagon-dominated” regime
can be directly linked to the propagon/diffuson crossover
frequency, so that the propagon contribution to the thermal
conductivity of a-Si can be analytically modeled via

1  ωp→d,j
∂f 2
v τj dω,
κpropagon =
ωDj (ω)
(3)
3 j 0
∂T j
where j is an index that refers to the polarization (longitudinal
or transverse), ωp→d is the crossover angular frequency (from
propagon regime to diffuson regime),  is the reduced Planck’s
constant, ω is the propagon angular frequency, D is the
propagon density of states, f is the propagon equilibrium
distribution function (assumed to be Bose-Einstein distribution), v is the sound speed, and τ is the propagon relaxation
time. Due to the long-wavelength nature of propagons, we
model the density of states using a Debye model based
on the sound speeds and atomic density of a-Si [29]. We
also assume that relaxation times of propagons can be
modeled similarly to umklapp and impurity scattering of
long-wavelength phonons in silicon; we use values for these
relaxation times based on a three-phonon scattering model
of the form τ −1 = Aω4 + BT ω2 exp(−C/T ) [41–45]. Fitting
to bulk literature thermal conductivity data for crystalline
silicon sampled over 100–700 K using a Debye approximation,
we find that A = 1.82 × 10−45 s3 , B = 2.8 × 10−19 s K−1 ,
and C = 182 K. We include a boundary scattering time
for the propagons given by τb = d/(2vj ) [6,46]. Finally,
we assume ωp→d,T = ωp→d,L vT /vL , where “L” and “T ”
denote the longitudinal and transverse propagon modes,
respectively.

FIG. 3. Thermal conductivity of our a-Si thin films. Open squares
denote derived thermal conductivity using Eq. (2), while filled squares
denote the thermal conductivity as directly measured. Our thermal
conductivity model (κ = κdiffuson + κpropagon ) is plotted with its best
fit value for fp→d of 1.8 THz (solid curve) as well as the individual
contribution of κpropagon as calculated using Eq. (3) (dotted curve).
Also shown are the calculated curves for the same model using values
for fp→d of 1.6 THz with κd = 0.95 W m−1 K−1 and 2.0 THz with
κd = 1.25 W m−1 K−1 (dashed curves). Finally, shown in solid circles
is the literature data presented in Fig. 1 up to a film thickness of 4 μm
to demonstrate agreement between our model and this data.

Figure 3 shows the intrinsic thermal conductivity as a
function of film thickness for all a-Si films in this study as well
as our model for propagon contribution to thermal conductivity
for film thicknesses up to 4 μm. The total thermal conductivity
is the sum of thermal conductivity contributions from diffusons
(κdiffuson ) and propagons (κpropagon ). Treating ωp→d as a free
parameter, we use a least-squares method to fit this model to
our experimental data. The best fit value for this propagondiffuson crossover frequency, fp→d = ωp→d,L /2π is ∼1.82
(±0.2) THz, indicating that vibrational frequencies describing
a-Si’s dispersion relation beyond this value do not behave as
propagons. We note the sensitivity of this curve to the fitting
parameter; while negligible at smaller film thicknesses, choice
of ωp→d becomes significant in the propagon-dominated,
large film thickness regime. For comparison, we include the
literature values of a-Si thermal conductivity as a function
of film thickness first presented in Fig. 1. Although simple,
our model aligns with both our experimental observations and
literature data up to 4 μm. Additionally, our propagon-diffuson
crossover frequency agrees well with our molecular dynamics
calculation of 2.0 THz [32] as well as that of Larkin and
McGaughey, 1.8 THz [6].
In conclusion, we present evidence for size effects in the
measured thermal conductivity of amorphous silicon thin
films. We show that this size effect can be attributed to
the nature of the long-wavelength vibrations. Based on our
experimental observations, only propagons with mean free
paths greater than ∼100 nm contribute significantly to thermal
conductivity. For films with thicknesses less than ∼100 nm,
the thermal conductivity is dominated by diffusons, which do
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